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INTRODUCTION 

Efficient devices and facilities based on intense neutron sources are irreplaceable 

for research in physics, biology, chemistry, materials science, nuclear physics, the study 

of real monuments of cultural heritage, and in many other areas. The research is carried 

out in the fundamental fields of science, but is even more widely applied to application 

areas of work in various sectors, making the basis of methods of control and certification 

in materials science, the development of new technologies, including nanotechnology and 

biotechnology (possible to use on living organisms – in vivo). That is, they are the engine 

of the innovative development of the modern economy, including the long-term 

perspective. 

The present-day most intense sources of neutrons – are unique powerful nuclear 

reactors and spallation sources on the basis of particle accelerators. They have a very high 

cost, built only in a single unique copies for collective use by many countries. The 

instrument base and infrastructure make up the main part of the costs for the creation and 

operation of research neutron facilities. In some countries, one or several lower-cost 

neutron sources with lower intensity are working to ensure current research and the 

educational process. 

“Useful” are only the neutrons delivered from a neutron source through neutron 

guides to the experimental facility. On the present stage of development of the 

experimental technique, the number of "useful" neutrons is only a very small fraction of 

the total number of neutrons produced. If it were possible to increase the percent of 

delivered neutrons, a large yield of "useful" neutrons can be obtained even from low-cost 

neutron sources of low power. 

A significant increase in the fraction of "useful" neutrons became possible in 

principle through the use of the method of nanoparticle neutron reflectors. This method 

was first proposed, theoretically developed, and experimentally implemented in [1]–[4], 

[140], [5], [6], [14], [7], [141-144], [105], [60], [145], [35]. In the experiment, an increase 
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in the flux density of cold neutrons (CN) and very cold neutrons (VCN) was achieved, 

which is equivalent to a multiple increase in the power of research nuclear reactor used 

as a neutron source. 

The method is based on using wave properties of neutrons and nanotechnologies. 

In the design of the new reflectors, diamond nanopowder was applied as the main 

functional material. Reflectors are most effective for CN and VCN with energies in the 

range from 100 neV to 1 meV, or in the neutron wavelength range from 1 nm to 100 nm. 

In this energy range, all conventional (massive) materials are transparent to neutrons - the 

reflection coefficient of such neutrons (albedo) from all materials is close to zero. That 

is, VCN and CN are practically not reflected from common materials, they freely pass 

through them. While the reflectors made of nanostructured materials allow to reflect and 

even to store very slow neutrons in closed traps. 

The initial theoretical models justified the choice of the correct functional material 

(diamond nanopowder), and correctly predicted the basic regularities of the interaction of 

slow neutrons with diamond nanopowder. These models allowed us to theoretically 

calculate the main expected quantitative characteristics of the interaction results with an 

acceptable level of accuracy, and this allowed us to successfully plan and conduct the 

main experiments. The basic model approximations were assumed: neutron scattering 

occurs on isolated nanoparticles, neutron scattering is calculated using perturbation 

theory (Born equation), and nanopowder has a monodisperse homogeneous composition 

[1]–[3], [8], [4], [140], [5], [14], [7], [141-144], [105], [60], [145], [35]. 

However, such a level of idealization of objects and interaction processes no longer 

makes it possible to carry out a quantitative analysis of the various data of modern 

experiments with a satisfactory level of accuracy. Therefore, further theoretical 

development of quantitative models is required, that will take into account a more realistic 

interaction of neutrons with nanopowder particles. Also, the properties of a real diamond 

nanopowder should be taken into account in calculations. This approach will provide a 

more complete understanding of the most significant physical processes in the interaction 

of nanopowders with neutrons. 
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Neutrons in powder interact with individual nanoparticles that are surrounded by 

other nanoparticles in a dense medium. Therefore, for the correct calculation of the 

interaction of neutrons with powder, it is necessary to apply the methods of the theory of 

multiple scattering of the waves, and take into account the effects of the medium density 

[9]–[12]. 

Using the Born approximation [9] significantly accelerates and simplifies 

calculations. It is necessary to make preliminary quantum-mechanical calculations [13] 

of neutron scattering at different energies by particles of different sizes, and determine 

quantitatively the region of applicability of the Born approximation. 

In carrying out of neutron experiments [14], which results will be considered in the 

present thesis, used the diamond nanopowder of the trademark "ultradiamond90" [15], 

made on the basis of patents [16], [17]. Diamond nanoparticles have spherical shape and 

sizes from 0.5 to 10 nm. Nanoparticles are heterogeneous by structural and chemical 

composition, surrounded by a non-diamond shell with a thickness of 0.5 to 0.7 nm [18], 

[19], [20]. Diamond nanoparticles form inside the nanopowder volume hard-to-destroy 

agglomerations [21], [22], [23], [24], [25]. The total porosity of the diamond nanopowder 

is 80–90% [7], [14]. Diffraction on inhomogeneities of the medium becomes the main 

mechanism determining the processes of neutron propagation with wavelengths 
d  , 

where 
1/4( / )~d ata n , a  and atn  are the radius and atomic (nuclear) density of the 

dispersed nanoparticle matter, respectively [6]. Therefore, when the dispersion by the size 

of the powder particles is significant, this fact must be taken into account in theoretical 

models to correctly interpret real experiments in a wide energy range. 

The aim of the present study is to develop a quantitative model for the interaction 

and propagation of low-energy neutrons in nanodispersed media (using the diamond 

nanopowder as an example), which takes into account the influence of the nanodispersed 

medium density on the processes of propagation and scattering of low-energy neutrons, 

and the information about the structure of a diamond nanopowder. 

The urgency of the problem being solved is due to the lack of information about 

the completeness of the concepts of the systems under study, about the mechanisms of 
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interaction of low energy neutrons with nanostructured materials, about the features of 

the properties of the structure of nanodispersed media, about the evolution of 

nanodispersed systems under the influence of radiation. The development of the proposed 

quantitative model is necessary for qualitative evaluation and interpretation of various 

experimental data. The development of a quantitative model and methods for the 

quantitative calculation of the interaction and propagation of low-energy neutrons in 

nanodispersed media will allow to interpret independent experimental data within the 

frames of unified concepts, and will significantly reduce the amount of empirical 

parameters in the quantitative interpretation of experimental results. 

Scientific novelty. The research suggests a quantitative model of low-energy 

neutron transfer in nanodispersed media, which takes into account data on the features of 

the diamond nanopowder structure. The model takes into account the influence of the 

medium density and the features of coherent and incoherent interaction of neutrons with 

nanopowder. The research defines the boundary conditions for the neutron transfer 

equation in diffusion approximation with allowance for the quantum effects of neutron 

interaction with the material boundaries. A set of computer programs was written and 

implemented to calculate the neutron transfer according to the proposed quantitative 

model. Independent experimental data is interpreted within the framework of a global 

view. 

The research has brought new scientific results, which the author puts forward for 

defense. 

The main statements to be defended 

 1.  The thesis suggests a neutron transfer equation in diamond nanopowders, which 

takes into account the internal small-scale material structure and coherent and incoherent 

processes of interaction between low-energy neutrons and nanopowder material. 

 2.  The research allowed to define the boundary conditions for the neutron transfer 

equation in the diffusion approximation, which accounts for coherent and incoherent 

processes of interaction between neutrons and the material. 
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 3. The thesis uses the variation method to suggest an analytical solution for the 

radiation transfer equation, which accounts for the absorption in the small-angle 

scattering approximation. 

 4. The thesis proposes and justifies the low-energy neutron interaction model with 

diamond nanopowder, taking into account the features of the nanopowder structure, and 

the features of the coherent and incoherent interaction between neutrons and 

nanopowders. 

 5. A set of computer programs was designed and implemented to calculate the 

interaction and propagation of neutrons in diamond nanopowders, taking into account the 

features of the nanopowder structure, diamond nanoparticles and the processes of 

coherent and incoherent interaction of neutrons with nanopowders. 

 6.  Theoretical numerical calculations were conducted with the proposed model for 

the interaction of low-energy neutrons with diamond nanopowders, and the calculation 

results were compared with experimental results. 

Personal Contribution of the Author 

The author of the thesis was directly involved in the work at all stages of the 

research. He also participated in writing academic articles and conference reports. He 

presented a few reports at different conferences. 

Personal contribution of the author to the obtained results that are to be defended: 

 1. Participation in the literature research about the structure and properties of 

diamond nanopowders. Participation in carrying out analytical and numerical calculations 

that substantiated the neutron transfer equation. 

 2. Participation in the conduct of analytical calculations. 

 3. Participation in the conduct of analytical and numerical calculations. 

 4. Participation in discussions while enunciating and substantiating the model. 

Participation in the analytical and numerical calculations. 

 5. Participation in computer program algorithms design. Implementation of 

computational algorithms in the programming language. Writing and debugging 

computer programs. Carrying out numerical calculations. 
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 6. Conducting numerical calculations with the designed model on the computer. 

Participation in the analysis, interpretation and comparison of the obtained numerical 

results with experimental data. 

Practical implications. The author recommends using the proposed quantitative 

model and the designed set of computer programs for qualitative and quantitative 

estimates and interpretation of various experimental results, and for preliminary 

quantitative calculations at the stage of experiment planning. 

The thesis consists of an introduction, four chapters, a bibliography and 

conclusions. 

The first chapter presents the results of the research into the level of current global 

technical development of nuclear nanotechnologies. It is noted that in the world today 

there are practically no nanotechnological inventions designed for specific applications 

in the nuclear industry. At present, the nuclear nanotechnologies are at the stage of 

fundamental and exploratory academic research, predominantly focused on the extraction 

and accumulation of new knowledge. 

The research goals and objectives were defined. 

The second chapter suggests a model for the propagation of low-energy neutrons 

in a nanodispersed medium. An expression is obtained for the neutron transfer equation, 

i.e. Boltzmann type equation. Expressions are obtained for the average effective potential 

of the nanodispersed powder, effective potentials for nanoparticles and interparticle 

space. The chapter defines the equation of neutron transfer in the diffusion form. The 

neutron transfer equations are based on the theory of multiple wave scattering, and allow 

for the medium density. The boundary conditions are analyzed and established for the 

neutron transfer equation in the diffusion approximation, accounting for coherent and 

incoherent processes of neutron interaction with the material. The variational method 

enables an analytical solution of the transfer equation for the neutron distribution function 

in the approximation of small angle neutron scattering by nanoparticles in the powder. 

The experimental data allows to develop a model of diamond nanopowder, which is to be 

used in calculations. 
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The third chapter describes the design of an algorithm for numerical simulation 

of neutron tranfer in a diamond nanopowder. Model calculations of the cross section for 

elastic coherent scattering of neutrons by spherical nanoparticles are carried out: 1) 

precise quantum-mechanical calculations by the phase-function method; 2) calculations 

in the Born approximation. The calculations are performed for different values of neutron 

energies and nanoparticle radii, and the results are compared. For reference, we briefly 

describe standard methods for simulating random values of scattering angles and 

transformations of coordinate systems in computer Monte Carlo method simulation of 

neutron propagation in nanopowder. 

The fourth chapter presents the results of numerical calculations carried out after 

the suggested quantitative model. The results of numerical calculations are analyzed and 

compared with experimental data. The comparison shows a satisfactory agrement of 

calculations with the data of independent experiments. 

Research approbation. The main research results were presented by the author of 

the thesis at international and national academic conferences, seminars and meetings: 

 1. Meeting and Youth Conference on the Use of Neutron Scattering and 

Synchrotron Radiation in Condensed Matter, NRC 'Kurchatov Institute' — PNPI, 2014, 

Gatchina, Russia; 

 2. 23rd International Seminar on Interaction of Neutrons with Nuclei, FLNP JINR, 

2016, Dubna, Russia; 

 3. Dautreppe Seminar: Demain l'Énergie, SFP, 2016, Grenoble, France [26];  

 4. 25th International Seminar on Interaction of Neutrons with Nuclei, FLNP JINR, 

2017, Dubna, Russia; 

 5. Young researchers conference 'Innovations in Nuclear Energy', JSC Research 

and Design Institute of Power Engineering named after N.A. Dollezhal, 2017, Moscow, 

Russia; 

 6. LI School on Condensed Matter Physics, NRC 'Kurchatov Institute' — PNPI, 

2017, Saint Petersburg, Russia; 
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7. 11th International Conference 'Carbon: The Fundamental Problems of Science, 

Materials Science, Technology', Federal State Institution Technological Institute for 

Superhard and Novel Carbon Materials, 2018, Moscow, Troitsk, Russia; 

  

Publications containing the main research results. The following works were 

based on the thesis materials: [27], [26], [28], [29], [30], [31], [32], [33], [34], [35], [36], 

[37], among them: 

 7 abstracts of reports for academic conferences, seminars, meetings;  

 3 reports in collected works of international and national academic seminars and 

conferences: 

1. Artem’ev V.A., Nesvizhevsky V.V., Nezvanov A.Yu., Proskuryakov A.L. A Solution 

of the Kinetic Equation for the Propagation of Radiation in Nanodispersed Absorbing 

Medium in the Approximation of Small Scattering Angles // Proceedings of the XXIII 

International Seminar on Interaction of Neutrons with Nuclei. Dubna: JINR, 2016. pp. 

111–118. 

2. Artem’ev, V. A., Nezvanov, A. Y. (2017). Nanotechnology for nuclear energy and 

industry [in Russian]. In Proceedings of the conference of young specialists “Innovations 

in Nuclear Energy” (pp. 362–368). Moscow: Publishing house of NIKIET. 

3. Artem’ev V.A., Nesvizhevsky V. V., Nezvanov A.Yu. Estimations of the Inelastic 

Interaction of Neutrons with Nanostructures Media at Low Energies and Temperatures // 

Proceedings of the XXV International Seminar on Interaction of Neutrons with Nuclei. 

Dubna: JINR, 2018. pp. 23–30. 

 2 articles in academic journals: 

1. Artem’ev, V. A., Nezvanov, A. Yu., & Nesvizhevsky, V. V. (2016). Precise 

calculations in simulations of the interaction of low energy neutrons with nano-dispersed 

media. Crystallography Reports, 61(1), 84–88. DOI: 10.1134/S1063774516010028; 

2. Nesvizhevsky V.V., Dubois M., Gutfreund Ph., Lychagin E.V., Nezvanov A.Yu. and 

Zhernenkov K.N. Effect of nanodiamond fluorination on the efficiency of quasispecular 
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reflection of cold neutrons // Phys. Rev. A. American Physical Society, 2018. Vol. 97, i. 

2. pp. 1–8. DOI: 10.1103/PhysRevA.97.023629; 

 2 certificates of state registration for a computer program: 

1. Nezvanov, A. Yu. (2015). 2015618099. RU: Russian Agency for Patents and 

Trademarks; 

2. Nezvanov, A. Yu. (2016). 2016612455. RU: Russian Agency for Patents and 

Trademarks.  
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CHAPTER 1. REVIEW OF THE RESEARCH WORK ON INTERACTIONS 

BETWEEN IONIZING RADIATIONS AND NANODISPERSED MEDIA 

1.1. The level of technical development of nanotechnologies in nuclear energy and 

industry 

 In 1952 exponential growth in the number of registered nanotechnological patents 

started which pointed to the start of conversion of the primary academic skills gained 

earlier in a set of technological applications and their implementation in economic 

turnover [38]. As it's considered, nanotechnology is the most probable initiator of a new 

long economic wave in the world [39]. The shift of long economic waves is related to 

technological paradigm (waves of innovation) — a set of technologies typical of a certain 

level of production development [40]. Revolutionary technologies generate new 

industries, provide opportunities for expansion in the production and formulate new 

sectors of economy. A significant impact of nanotechnologies is foreseen on the global 

economy, as in every industry sector they possess practical applications. 

 A work has been published by the beginning of the thesis work [41]. It summarizes 

results of the research on the existing level of the technical development of 

nanotechnologies in nuclear industries and technology in the world. The subject of the 

research has been the dynamics in the occurrence of new nanotechnological patents in the 

period of 1950-2012, as well as the distribution of these patents by thematic areas of 

technologies in nuclear industries. The research has been carried out on databases and 

funds of national patent offices around the world. The research method is described in 

[38], [41]. 

 The patent information of interest refers to the section of nuclear technologies and 

is contained in the class G21 “Nuclear Physics; nuclear engineering” of the International 

Patent Classification – IPC. Statistical studies on patenting dynamics have been 

implemented in the fields of nuclear technologies in the class G21. The database 

esp@cenet of the European Patent Office (EPO) has been applied. 
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 In the result of the research carried out, statistical data are obtained and the 

following conclusions are made [38], [41]. 

 In the period of 1960–2012, in the total number of patents in the class G21 the 

number of patents on nuclear nanotechnologies amounted to a percentage less than 1%. 

For the period of 1950–2012, the number of nanotechnological patents in the field of 

nuclear technologies composed less than 15% of the total number of the world's registered 

nanotechnological patents on all economic sectors. A considerable number of existing 

patents on nuclear nanotechnologies is for the application of electronic industry (X-ray 

and electronic lithography, etc.). Nanotechnological patents with respect to the areas: 

nuclear reactors (class G21C); protection from X-ray, gamma- and corpuscular radiation, 

bombardments with particles, materials processing with radioactive contamination, 

devices aimed at eliminating the radioactive contamination of such materials (class 

G21F); energy production from radioactive sources, application of radiation of 

radioactive sources, usage of cosmic radiation (class G21H); 

and others – are represented in single documents. Objectively, well-known 

nanotechnological solutions, intended for the specific application in nuclear industry, 

don't actually exist in the world. 

 Currently, in the field of nuclear nanotechnologies both on separate areas and 

industry on the whole, there exists a stage of fundamental and exploratory scientific 

research, on the basis of which procurance and accumulation of new knowledge mainly 

takes place. An important contribution to this activity was done, in particular, by my 

supervisors [61], [42], [56], [57], [43], [44], [47-52], [55], [53], [45], [46], [1], [54], [59], 

[2-4], [8], [5-7], [58], [60]. 

The absence of satisfactory results of the research in the following area, as well as, 

insufficient data on radiation resistance impedes the creation of new nuclear 

nanotechnologies and patents for the aim of effective use in nuclear industry. 
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1.2. Formulation of tasks and goals of the research in the thesis work 

The review of the research work implemented above allows to draw the following 

conclusions. 

The results gained by now confirm the credibility of initial theoretical models on 

pattern of interactions between IR and nanodispersed media. 

In present, most intensively develops the research area on studying the interactions 

of low-energy neutrons with nanodispersed powders. All this indicates the importance of 

developing model perceptions about nanodispersed media properties. The tasks and goals 

of the research in the current thesis work can be formulated as follows. 

1. It's necessary to record neutron transfer equation with respect to effects of the 

medium density. The model (approximation) of isolated nanoparticles being 

applied currently leads to a significant error at calculating kinetic processes. 

2. It's necessary to analyze and clarify the boundary conditions of low-energy neutron 

transfer equation. 

3. It's necessary to get an approximate solution of the transfer equation in the small-

angle scattering approximation with the smallest rejection from the exact solution.   

4. It's necessary to develop updated model of nanodispersed powder of the diamond, 

taking into account the experimental data about the structure of nanopowder. 

5. It's necessary to calculate the exact cross-sections of neutron scattering on 

nanoparticles. 

6. It's necessary to develop algorithms and a set of programs for the numerical 

simulation of neutron transfer in the diamond nanopowder.   

7. It's necessary to make numerical calculations and make comparison with 

experimental data. 
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CHAPTER 2. DEVELOPING A MODEL OF LOW-ENERGY NEUTRONS 

PROPAGATION IN THE NANODISPERSED MEDIUM 

For definiteness, we will choose detonation nanodispersed diamonds ([62], [63], 

[64], [65], [66]) as a material (nanodispersed medium). We will consider neutrons with 

wavelengths  > 0.4 nm. It means that the energies of all neutrons will have values below 

the Bragg cut-off energy in diamond [67]. Such a choice of the energy range excludes 

from further consideration all the interaction processes caused by the phenomenon of 

Bragg neutron diffraction in the material. 

2.1. Derivation of a neutron transport equation in a nanodispersed medium 

Consider the basic regularities of low-energy neutrons propagation through 

nanodispersed medium using the example of nanodispersed powder. 

For clarity of presentation we choose a model of a homogeneous nanopowder in 

the form of a composition of bulk identical sphere nanoparticles of radius a , filling with 

substance the relative volume fraction   (  is the powder packing coefficient [68]). We 

assume that the substance is chemically homogeneous. From purely mathematical point 

of view, identical incompressible balls might take their places in disordered form, 

generating configurations, for which the values of   variable lie in the interval ([69], [70], 

[71]): 

 0.54 <   < 0.64; (2.1.1) 

for bulk powder of identical particles, the average value is 0.59  , for packed powder 

it is 0.637  . 

Denoting through 1V  the volume of one nanoparticle: 

 
3

1 4 / 3V a  , (2.1.2) 

we obtain the average nanoparticles concentration 
0N  of a homogenous nanopowder: 
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3

10 /   3 / 4N V a    . (2.1.3) 

A generalization of results obtained below to more realistic cases of the substances 

of the complex chemical composition, accounting the structuring of nanoparticle 

agglomerations in a powder, and the distribution of nanoparticles by size, is mainly of a 

technical nature and is set forth in the following text of the thesis. 

For the neutrons with a wave length    a , a coherent elastic scattering on powder 

nanoparticles is essential. The cross-section of coherent elastic scattering of a neutron on 

a single nanoparticle is 2

1 1  coh coh

nN  , where
1N  is the total number of atoms (nuclei) in 

one nanoparticle; and 
coh

n  is the cross-section of coherent elastic scattering of a neutron 

on a single atomic nucleus. The cross section of incoherent elastic neutron scattering on 

a single nanoparticle is 1 1

inc inc

nN    (the crystalline atomic structure of the 

nanoparticle), or 1 1

inc

nN   (the completely disordered atomic structure of the 

nanoparticle), where 
inc

n  and 
n  are incoherent elastic and completely elastic cross-

sections of a neutron on a single atomic nucleus, respectively. It is seen that 

1 1 1/ 1coh inc N  , and therefore the coherent elastic scattering of neutrons by powder 

nanoparticles is the main type of interaction for neutron scattering. 

Coherent elastic scattering of neutrons by nanoparticles can be described using an 

optical potential (pseudo-potential) [72], [73]: 

 
2

0 0(2 / ) cU m n b   107 eV , (2.1.4) 

where m is the neutron mass, 
0n is the concentration of atoms (atomic nuclei) in the 

nanoparticle; and 
cb  is the coherent scattering length of a neutron on the bounded atomic 

nucleus. 

The neutron scattering events on different nanoparticles can be considered as 

independent if the free path length 
sl  of a neutron in a nanodispersed medium is .sl a  

The cross-section of coherent elastic scattering of a neutron on a single nanoparticle in 

the Born approximation for 1ka   has the form [9]: 
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1

coh   
2

2

k


2

2

0

2

mU a 
 
 

 , (2.1.5) 

where we have introduced the notations: 2 /k    the neutron wavevector, E  the 

neutron energy, and 2 22 /k mE . Expression (2.1.5) can be converted to the following 

form: 

 1

coh   
2a  0U

E

 

0

2 2

U

ma

 
 
  

 . (2.1.6) 

The mean free path length 
sl  of a neutron in powder before scattering equals: 

 
sl  = (

0N  1

coh ) 1  . (2.1.7) 

Taking into account expressions (2.1.3), (2.1.6) and (2.1.7) we obtain: 

 
sl   

a




0

E

U

 2 2

0

ma

U
  a  , (2.1.8) 

since the quantities have the characteristic numerical values: 
6 310 10E   eV, 

7

0 10U 
eV; and a applicability condition of the Born approximation is met 

 2 2

0 1ma U . Using accurate quantitative calculations, it was previously found that 

the Born approximation (perturbation theory) is applicable in all relevant cases [34]. 

Therefore, the neutron scattering events by individual nanoparticles can be considered as 

independent for the process of propagation of neutrons in the nanoparticle powder. 

The methods of multiple scattering of waves and particles have been justified and 

developed over the past decades. The research findings are presented in numerous 

scientific articles, monographs and textbooks (including [9]–[12], [75], [76], [77], [78], 

[79], [80], [81], [82]). Two main theoretical directions were developed: multiple wave 

scattering by continuous random fields and that by ensemble of discrete scattering centers 

(particles). The both theoretical methods give equivalent results [12], while the 

perturbation theory is applicable to wave-medium interactions. 

Results of application of the known methods of the theory of multiple wave 

scattering to the problem of slow neutron propagation in a nanodiamond powder can be 

formulated in a simple form. 
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The interaction of neutrons with a single nanoparticle is described by an optical 

potential  1U r : 

  1U r  = 0 ,

0,

U r a

r a





. (2.1.9) 

Consider the material is a nanopowder. Assume that a sample of our material 

occupies a volume 
tV , and denote by 

tN  the total number of nanoparticles of the sample 

material in volume 
tV : 

 tN  = 
0N tV . (2.1.10) 

Denote by  jR  the complete set of vectors, by jR  the radius-vector of location of 

center of a j th nanoparticle in the powder, j 1, 2, ..., tN .  jR  is a set of coordinates 

describing the first and other scatterers (nanoparticles). 

The interaction of a neutron with the entire volume 
tV  of a material is described by 

a random potential field: 

   , jU r R  =  1

1

j

j

tN

U


 r R . (2.1.11) 

The Schrödinger equation for the wave function of a neutron interacting with a 

nanopowder in a volume tV  has the form: 

2

2m
 

r   , j r R  +  1

1

j

j

tN

U


 r R    , j r R  = E   , j r R . (2.1.12) 

For elastic neutron scattering,  

 E  = 
2 2

0 2k m , (2.1.13) 

where 
0k is the initial neutron wave vector outside the volume of the sample. 

If the condition 
1/3

0 1Sf N  is met [83], where 
Sf  is an amplitude of sscattering 

of a neutron on a single nanoparticle; or 
2

1

coh a   
2/3

1 0( )coh N 
; or 

sl a  

1/3

0( )sl N 
, the correlations in random arrangement of nanoparticles are insignificant. 

The above conditions are practically equivalent. Considering the interaction of neutrons 

with a nanopowder, nanoparticles of the powder can be considered as a "gas" of low 
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density, similar to [83]. Therefore, we assume that the positions 
tN  of the powder 

nanoparticles are chaotically (equiprobably) with a uniform density 
0N  distributed in 

space of the volume 
tV . 

The equation for a coherent wave   r  is obtained by averaging over the 

coordinates jR . The averaging procedure reduces to integrating over jR  with weight 

 
1

t
t
NV


 in the volume 

tV , occupied by the sample. Assuming that all the scatterers are in 

the ground state, we obtain: 

   r  = 
1

tN
tV

   1... , ...
tj Nd d  r R R R   . (2.1.14) 

Averaging the fields  1 jU r R  for all configurations 
tN  of nanoparticles by 

volume tV  leads to the emergence of a constant potential energy U  in the entire volume 

of our sample: 

 

U  =  1

1

j

j

tN

U


 r R  = 
1

tV
 1

1

j j

j

tN

U d


 r R R = 

= t

t

N

V
0

r a

U dV

  = t

t

N

V
 3

0

4

3
U a

 
 

 
  . 

(2.1.15) 

Taking into account (2.1.3), (2.1.10), we obtain from (2.1.15) for U : 

 U  = 
0U  = 

22

m

 
 
 

0n cb  . (2.1.16) 

Thus, 0U U  is the average constant homogeneous effective potential field 

(pseudo-potential), in which a coherent neutron wave propagates within nanopowder. 

If we consider the propagation of neutrons in a nanopowder as the result of wave 

multiple scattering by an ensemble of discrete scattering centers (nanoparticles), another 

method can be used to determine the average effective field (pseudo-potential) impacting 

neutrons from the matter side [9]. The main type of neutron interaction with the 

nanopowder matter is coherent elastic neutron scattering by dispersed nanoparticles. The 

amplitude of neutron scattering by a single nanoparticle  1f   in the Born approximation: 
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  1f   = 
22

m


  1

i

r a

U e dV




qr

r  . (2.1.17) 

The amplitude of neutron scattering "forward" (with angle 0  ) on one 

nanoparticle in the Born approximation is: 

  1 0f  = 
22

m




0

r a

U dV


   . (2.1.18) 

For the average effective field in the material we have [9]: 

 U  = 
22

m

 
 
 

 1 0f
0N   . (2.1.19) 

Taking into account (2.1.4) and (2.1.18): 

  1 0f  = 
cb 1N  , (2.1.20) 

and then 2

1 0(2 / ) cU m b N N = 2

0(2 / ) cm b n , where 
0n  = 

1 0N N  = 
0n  is the 

average concentration of atoms (atomic nuclei) of a substance in the volume 
tV  , occupied 

by the material (nanopowder). This expression completely coincides with (2.1.16). 

Thus, the Schrödinger equation (2.1.12) for the propagation of a coherent neutron 

wave   r  in a nanopowder has the following form: 

 
2

2m
 

r   r  = E U      r  . (2.1.21) 

 

The value U  is no longer dependent on the coordinate r due to the homogeneity 

of the medium at these coordinates, and has the meaning of the effective potential energy 

of interaction of neutrons with medium (with nanopowder). 

The random field (2.1.11), associated with the substance of dispersed nanopowder 

particles: 

  U r  =  1

1

j

j

tN

U


 r R , (2.1.22) 

can be written as: 

  U r  = U + ( )U r . (2.1.23) 
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The fluctuation part ( )U r  of a random potential field  U r  is determined by the 

relation: 

 ( )U r  =  U r   U . (2.1.24) 

From definition (2.1.24) it follows: 

 ( )U r  =   U r   U  = U   U  = 0. (2.1.25) 

Denote by M  the part of the total volume 
tV  of the material, occupied by the 

substance of all 
tN  dispersed particles: 

 M  =  
1

t

j

j

N

a


 r R  . (2.1.26) 

jR is a radius-vector of the center of j th powder nanoparticle, and 2d a  is a diameter 

of the nanoparticle. The fluctuation part ( )U r  of the random potential field in volume
tV  

of the material, taking into account (2.1.16), is: 

 ( )U r  = 
  0

0

1 , if

, if

r M

r M

U

U





  


 
  . (2.1.27) 

Assuming for certainty 
0 0U  , we obtain: 

( )U r  =   01 U   0, if the point r  falls into the space area, occupied by the 

matter, i.e. lies inside the volume of one of the nanoparticles ; 

( )U r  = 
0U   0, if the point r  falls into the interparticle space, i.e. into the pore, 

the empty space between particles of nanopowder, free of matter. 

In the stationary case, the Schrödinger equation for the neutron wave function in 

the random field  U r  (2.1.23) will be: 

 
2

2m


r   r  +   ( )E U U   r   r  = 0. (2.1.28) 

We note once again that averaging U  here means averaging over the random 

realization  jR  of nanoparticles positions in our material (in nanopowder). 

2 2

0 2E k m  is the neutron energy in vacuum (outside the volume of a nanopowder tV ). 
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We assume that condition E U , necessary for the neutron to propagate inside the 

nanopowder, is met.  

From the Schrödinger equation (2.1.28), it can be seen that the process of neutron 

propagation in a nanopowder can be interpreted as follows. The neutron inside the 

nanopowder due to the effects of multiple elastic potential scattering on the structural 

elements of the medium (nanoparticles) has an effective (renormalized) energy of motion 

(kinetic energy) effE : 

 effE  = E   U  = E   
0U  . (2.1.29) 

 

A coherent wave describes the motion of a neutron with an effective energy effE  

in a dispersed medium, to which the effective wave vector effk  of a free (wave) neutron 

motion corresponds: 

 effk  =  
1

2m E U  . (2.1.30) 

The effects of the medium density are taken into account in U  via the 

nanopowder packing coefficient  . 

When the coherent neutron wave  exp k reffi  propagates in nanodispersed medium 

it is attenuated due to scattering on the fluctuation part ( )U r  of a random potential field; 

due to other scatterers and in consequence of inelastic processes. The elastic coherent 

neutron scattering by the fluctuation potential ( )U r  is an elastic incoherent process with 

respect to the propagation of the coherent wave  exp effik r , and causes its decay in the 

material. 

The description of neutron propagation in nanodispersed media, correctly 

considering coherent, incoherent, elastic and inelastic processes, is possible within the 

frames of kinetic theory. To do this, it is necessary to formulate the neutron transport 

equation (the Boltzmann-type kinetic equation). 
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For definiteness, let us consider a model of a bulk nanopowder consisting of 

homogeneous sphere nanoparticles of radius a . Assume the packing coefficient of the 

nanopowder equal  . Denote the porosity of the powder by p . The porosity p  is the 

relative fraction of the powder volume that is not occupied by the substance. The 

following relation is met: 

1p   . 

Pores in the powder forms a complex branched spatial structure, free of matter. For 

the purposes of our description, introduce the concept of an individual pore as follows. 

Dispersed particles of matter in a nanopowder form a spatial structure, at the nodes 

of which there are individual nanoparticles (similar to the visual model of an atomic 

crystal lattice formed of contacting balls [atoms] [68], [84]). An empty interstitial space 

(free of matter) inside a nanopowder bounded by the surfaces of the nearest neighboring 

nanoparticles will be called a separate interstitial space (individual pore, single pore). The 

boundaries of a single pore are the material surfaces of the nearest neighboring 

nanoparticles, as well as imaginary surfaces (planes) drawn at the sites of closest approach 

of the material surfaces of the nearest neighboring nanoparticles, which mentally 

delineate the distinguished interstitial space. 

Establish dependences of the size and the number of pores on the nanopowder 

packing coefficient  . Idealize the problem. 

Assume that the identical sphere powder nanoparticles are located in the nodes of 

regular cubic cells forming a three-dimensional cubic lattice. Using the data of the works 

[68], [69], [84], it is possible to draw a Table 2.1 of properties of such cubic cells. 

Introduce the notation: 
nz  is the coordination number, i.e. the number of nearest 

neighboring particles surrounding the powder particle and having contact with it; dpN  is 

the number of dispersed particles of powder per one cubic cell (per elementary volume); 

intN  is the number of interstitial positions (number of pores) per one elementary volume; 

z  is the coefficient of proportionality in relation 
n zz    . The average value 

z   (11.7647+11.5385+11.7647)311.69. 
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Obtain approximation for the powder of random structure from data of Table 2.1: 

 11.69n zz       , (2.1.32) 

where 
nz is an average number of nearest neighboring nanoparticles surrounding the 

given nanoparticle of the powder, depending on the packing coefficient over the range 

0.34 0.68  . 

Write down relation int p dpN P N  . With increasing the number of powder particles 

that surround and contact the given particle, the number of interstitial volumes (pores) 

also increases. Simultaneously with increasing the number of particles in the powder 

volume, the total porosity of the material  p  decreases. Using data of Table 2.1, taking 

into account relation (2.1.31), we choose the approximation in the following form: 

 0.48 0.48 (1 )pP p    . (2.1.33) 
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Table 2.1. 

Structural characteristics of an idealized powder, forming regular cubic spatial lattices 

of monodisperse particles. 

Lattice 

type 

Tetrahedral 

(diamond type ) 
Simple cubic Body-centered cubic 

nz  4 6 8 

  0.34 0.52 0.68 

p  
0.66 0.48 0.32 

dpN  ― 1 2 

intN  ― 1 3 

z  11.7647 11.5385 11.7647 

Notes to Table 2.1: 

1) 
z nz  . 

2) Simple cubic packing of powder ( 0.52)  : the particles are located in the vertices 

(nodes) of the cubic unit cell. The pore is in the center of the elementary cubic cell. In 

such a packing, one particle is associated with one pore. 

3) Body-centered cubic powder packing ( 0.68)  : particles are located in the 

vertices (nodes) and one particle is in the center of the cubic unit cell. The pores are 

located in the centers of the six side faces of the elementary cubic cell. In such a 

packing, one-unit cell has two powder particles and three pores. 
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Denote by pN the average number of individual pores per unit volume of 

nanopowder (average concentration of pores). 

Assume that the nanopowder has an average concentration 
0N  of identical 

nanoparticles (2.1.3), the value of the powder packing density is   and the porosity is .p  

The average concentration of individual (single) pores pN  of such powder will be 

approximated by expression: 

 pN  = 0pP N  = 0

0.48
N

p
  = 

0.48

1 


0N  , (2.1.34) 

in the range of values 0.52  0.68 and 0.32 p 0.48. The specified interval includes 

values   (2.1.1). 

A neutron propagating in nanopowder with an effective wave vector effk  (2.1.30), 

interacts with an individual nanoparticle of a powder through a potential   01 ,mU U   

and, with a separate pore of nanopowder, through a potential 0pU U   see equations 

(2.1.27). 

Taking into account the above estimates 
sl a  (2.1.8), one can assume neutron 

scattering by individual nanopores and nanoparticles to be independent. In this case, the 

process of neutron propagation in a nanopowder can be described using the transfer 

equation (Boltzmann equation) [85] for the neutron flux density  , ,n t r Ω  with the wave 

vector effk . 

The transfer equation of low energy monenergistic neutrons in nanodispersed 

materials has the following form: 

1 n

eff t



v

 = 
nΩ   

t n  +    , ,n s sd t W     Ω r Ω Ω Ω  + 

+  ( ) ( )m m

coh cohW  Ω Ω  +  ( ) ( )p p

coh cohW   Ω Ω  +  , ,q tr Ω  . 

(2.1.35) 

Here we introduce the notation: 

effv  is the effective neutron velocity in nanopowder,  2 2
eff

m E U v ; 

Ω  is the unit vector in the direction of neutron motion (velocity); 
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the total macroscopic cross-section of neutron interaction with nanopowder 
t =

a

+
s + ( )

0

m

cohN  +
( )p

p cohN  , 
a  takes into account inelastic processes (neutron absorption by 

nuclei, heating and cooling of neutrons, neutron decay); 

 =
0n  is the concentration of atoms in the nanopowder, 

0n  is the concentration 

of atoms (atomic nuclei) of the nanoparticle matter; 
s is the neutron scattering cross-

section by nuclei of the matter, describes the incoherent scattering by individual atomic 

nuclei of a nanoparticles matter; 

( )m

coh  and 
( )p

coh  are the cross-sections for elastic coherent (potential) neutron 

scattering by individual nanoparticles and by nanopores, respectively; 

s =
s ,  sW Ω Ω  is the probability of elastic scattering of a neutron, that 

moved before scattering in the direction Ω , in the solid angle element dΩ  about the 

direction Ω  on the atomic nuclei of the nanoparticle matter (refers to elastic incoherent 

scattering processes); 

( )m

coh =
0N

( )m

coh , 
( )p

coh = pN ( )p

coh ; 

 ( )m

cohW Ω Ω  and  ( )p

cohW Ω Ω  are the probabilities of elastic coherent 

(potential) scattering of a neutron that moved before scattering in the direction Ω , in the 

solid angle element dΩ  about the direction Ω  by nanoparticles (m ) and nanopores ( p ) 

respectively;  

 , ,q tr Ω  is the distribution function of an external neutron source. 

Pores in the powder have different volumes bounded by surfaces of complex shape, 

and are randomly oriented in space. Denote by  b  the cumulative set of parameters 

characterizing the size and shape of the pores in the nanopowder, and by ( )pf b  we denote 

the distribution function of pores by these parameters. 

Dispersed particles in a real nanopowder have various sizes and shapes, different 

from the shape of an ideal ball. Denote by  a  the cumulative set of parameters 

characterizing the size and shape of the nanoparticles, ( )mf a  the distribution function of 
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dispersed nanoparticles by these parameters. ( ) 1pdb f b  , ( ) 1mda f a  ; the 

integration is performed over the areas of allowed values of parameters  b  and  a . 

Taking into account the inhomogeneity of the nanopowder by the size of the 

dispersed particles, the neutron transport equation (2.1.35) takes the form: 

1 n

eff t



v

 = 
nΩ   

t n  +    , ,n s sd t W     Ω r Ω Ω Ω  + 

+ ( )mda f a   ( ) ( )m m

coh cohW  Ω Ω  + ( )pdb f b   ( ) ( )p p

coh cohW   Ω Ω  + 

+  , ,q tr Ω , 

(2.1.36) 

where denoted: 

t =
a +

s + ( )mda f a
( )

0

m

cohN  + ( )pdb f b
( )p

p cohN  . (2.1.37) 

2.2. Boundary conditions analysis for the neutron transport equation 

Assume that the material has a shape of a infinite flat plate of thickness 𝐻 (Figure 

2.2.1). The left plane of the plate is aligned with the plane 𝑥𝑂𝑦 of the rectangular 

coordinate system, and the 𝑍 axis is directed inside the plate perpendicularly to the left 

surface (Figure 2.2.2). The average effective potential of a substance of the material 

equals 

 𝑈 = 〈𝑈(𝐫)〉. (2.2.1) 

The material is supposed to be homogenous on average, therefore, 𝑈 = const. The 

average effective potential of the neutron interaction with the substance of the plate is 

equal to: 

 ( )U z  = 
0 , 0

0 , 0 ,

U z H

z z H

  


 
. (2.2.2) 

A neutron gas is to the left of the material. We denote its density by 𝑛0. In the 

neutron gas, the motions of neutron are uniformly distributed by directions. The 
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probability of a neutron to move in the direction if a vector 𝛀, determined by the angles 

𝜃, 𝜑, in the cone of  solid angle 𝑑𝛀 about vector 𝛀, is 

 𝑑𝑃(𝜃, 𝜑) = 𝑑𝛀/4𝜋. (2.2.3) 

Monoenergetic neutron flux with energy 𝐸 falls on the surface of the material from 

the left: 

 𝐸 = ℏ2𝑘0
2/2𝑚, (2.2.4) 

where 𝐤𝟎 = (𝑘0𝑥, 𝑘0𝑦 , 𝑘0𝑧) is a wave vector, 𝑚 is the neutron mass, ℏ is the Planck 

constant. Neutron wavelength 𝜆0 (in vacuum) is 

 𝜆0 = 2𝜋/𝑘0. (2.2.5) 

If the relation 

 ℏ2𝑘𝑜𝑧
2 /2𝑚 < 𝑈 (2.2.6) 

is valid then a total potential (mirror coherent) reflection of the neutron with a wave vector 

𝐤𝟎 from the surface of the material takes place (𝑘𝑜𝑧 is the projection of vector 𝐤𝟎 on 𝑍-

axis). 

If 

 ℏ2𝑘𝑜𝑧
2 /2𝑚 > 𝑈, (2.2.7) 

then a partial reflection of incident neutron wave from the surface of the material will 

occur [9]. 

Suppose that the material of the plate is nanostructured and represents itself a 

composition of sphere nanodispersed particles of characteristic radius 𝑎. The thickness of 

plate 𝐻 ≫ 𝑙𝑠, where 𝑙𝑠 is a mean neutron path before interaction in the material. The 

neutron wavelength in the material is 𝜆 ≪ 𝑙𝑠. Under this condition, it is possible to 

correctly determine the very concept of the mean free path. The typical values are: 

𝑎 ≅ 2–3 nm, 𝜆 ~ 3–30 nm and 𝑙𝑠 ~ 10–102 µm in nanodispersed diamond powder for 

neutron energies 𝐸 ~ 104–106 eV. 

 

https://www.multitran.ru/c/m.exe?t=5238007_1_2&s1=%EC%EA%EC
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Fig. 2.2.1.The flux of neutrons with wave vectors 𝐤𝟎, 

falling on an infinite flat plate of thickness 𝐻. 

 

Fig. 2.2.2. The coordinate system used 
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Suppose that the material of the plate is nanostructured and represents itself a 

composition of round nanodispersed particles of characteristic radius 𝑎. The thickness of 

plate 𝐻 ≫ 𝑙𝑠, where 𝑙𝑠 – is a mean neutron path length before interaction in material. The 

neutron wavelength in the material 𝜆 ≪ 𝑙𝑠. Under this condition it is possible to correctly 

determine the very concept of the mean free path. The typical values: 𝑎 ≅ 2–3 nm, 𝜆 ~ 3–

30 nm and 𝑙𝑠 ~ 10–102 µm in nanodispersed diamond powder for neutron energies 

𝐸 ~ 104–106 eV. 

The boundaries of material (the plate surface) have a transition area ("blurring") 

with the thickness ~𝑎. We will neglect this area and suppose that boundaries of the 

material are "sharp" at 𝑧 = 0 and 𝑧 = 𝐻. Such approximation is justified by the following 

arguments. The processes of propagation and scattering of neutrons on local potential 

inhomogeneities of size ~𝑎 are essential for distances 𝑧 ~ 𝑙𝑠 and larger, and described by 

the Boltzmann-type transport equations. 

For distances 𝑧 < 𝑙𝑠, the neutron motion is described by the Schrödinger equation 

with mean field potential 𝑈. As shown in [9], «boundary blurring» of the potential does 

not affect the wave reflection and transmission coefficient trough the potential barrier. It 

is only the asymptotic height of the barrier that is important in the potential interaction. 

In the plate of the material, the potential reaches its asymptotic value 𝑈 beyond the 

boundaries of the transition layer with thickness ~𝑎 near the surfaces 

𝑧 = 0 and 𝑧 = 𝐻. Therefore, the boundaries of the material (the plate surfaces) can be 

assumed as «sharp» and «smooth» (without roughness), when calculating the potential 

coherent reflection of neutrons from boundaries, if the condition 𝑎 ≪ 𝑙𝑠 is met. 

Taking into account that 𝑘𝑜𝑧 = 𝑘0 ∙ cos 𝜃 (see Figure 2.2.2), the total reflection 

condition (2.2.6) will take form: 

 (ℏ2𝑘𝑜𝑧
2 /2𝑚) cos2 𝜃 = 𝐸 cos2 𝜃 < 𝑈. (2.2.8) 

The neutron transport onto the area 𝑧 > 0 is possible only under condition 

𝐸 ∙ cos2 𝜃 > 𝑈, or 

 cos 𝜃 > √𝑈/𝐸. (2.2.9) 

https://www.multitran.ru/c/m.exe?t=5238007_1_2&s1=%EC%EA%EC
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Only the neutrons that fall from vacuum at the angle   to the surface normal 

propagate in material (Figure 2.2.2): 

 0 ≤ 𝜃 ≤ 𝜃𝑈, (2.2.10) 

where 

 cos 𝜃𝑈 = √𝑈/𝐸. (2.2.11) 

The coefficients of neutron transmission 𝐷𝑐𝑜ℎ and elastic potential (coherent) 

reflection 𝑅𝑐𝑜ℎ from the boundary of material are related to each other by the ratio: 

 𝑅𝑐𝑜ℎ(𝐤0) + 𝐷𝑐𝑜ℎ(𝐤0) = 1. (2.2.12) 

The coefficient of coherent transmission through material boundary for the neutron 

falling to the surface from the left in the direction of the vector 𝐤0, characterized by polar 

angles 𝜃 and  𝜑, under condition 𝑙𝑠 ≪ 𝐻, equals [9]: 

 𝐷𝑐𝑜ℎ(𝐤0) = 

 

2

2
2

4cos cos /

cos cos /

U E

U E

 

 



 

, (2.2.13) 

for 0 ≤ 𝜃 ≤ 𝜃𝑈, 0 ≤ 𝜑 ≤ 2𝜋. 

The total neutron reflection coefficient from the material boundary can be given in 

form [6]: 

 𝑅 = 𝑅𝑐𝑜ℎ + 𝑅𝑖𝑛𝑐, (2.2.14) 

where 𝑅𝑐𝑜ℎ(𝐤0) is the coefficient of elastic potential (mirror coherent) reflection of 

neutrons from the material surface; 𝑅𝑖𝑛𝑐 is the total coefficient of incoherent neutron 

reflection from the material boundary. 

Albedo (reflection coefficient), by definition, is the ratio of the number of back 

scattered particles to the number of incident particles, i.e. the ratio of the back current of 

particles to the incident current of particles. 

The coefficient of elastic potential (coherent) reflection under the condition 𝑙𝑠 ≪

𝐻 equals to [9]: 

 
𝑅𝑐𝑜ℎ(𝐤0) = 1  , 

for 𝜃𝑈 ≤ 𝜃 ≤ 𝜋/2  ,     0 ≤ 𝜑 ≤ 2𝜋  ; 
(2.2.15) 

and 
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𝑅𝑐𝑜ℎ(𝐤0) = 

 
 

2
2

2
2

cos cos /

cos cos /

U E

U E

 

 

 

 

  , 

for 0 ≤ 𝜃 ≤ 𝜃𝑈  ,     0 ≤ 𝜑 ≤ 2𝜋  . 

(2.2.16) 

The potential reflection is a coherent scattering of neutrons from the matter, and it 

cannot be described in frames of kinetic and diffusion approximations (for the processes 

of incoherent scattering), since it is described by the Schrodinger equation with the 

potential energy 𝑈 (2.2.1), (2.2.2) for the coherent part of the neutron wave function, valid 

for distances smaller than the value ~𝑙𝑠 ≫ 𝑎 from the material boundary. 

Denote by 𝑁(𝐫, 𝛀, 𝑣) the neutron angular density; 𝑁(𝐫, 𝛀, 𝑣) 𝑑𝑉 𝑑𝛀 𝑑𝑣 the number 

of neutrons in the volume element 𝑑𝑉 near the point 𝐫 with velocity in the interval 

(𝑣, 𝑣 + 𝑑𝑣), moving in the solid angle 𝑑𝛀 about the direction of vector 𝛀; where 

𝛀 = 𝐯/𝑣 is a unit vector on the direction of velocity vector 𝐯 [87]. 

The density of the neutron flux at the point 𝐫 denote: 

 Φ(𝐫, 𝛀, 𝑣) = 𝑣 ∙ 𝑁(𝐫, 𝛀, 𝑣). (2.2.17) 

In a neutron gas, the directions of neutron motion are equiprobable (2.2.3). 

Therefore, the angular density of a gas of monoenergetic neutrons in vacuum will be 

(at 𝑧 < 0): 

 𝑁(𝐫, 𝛀, 𝑣) = 0

24

n

v
 𝛿(𝑣 − 𝑣0), (2.2.18) 

where 𝑛0 is a neutron gas density in vacuum (the number of neutrons per unit volume); 

𝑣0 is a neutron velocity in a vacuum, 

 𝐸 = 𝑚𝑣0
2/2. (2.2.19) 

Denote: 

 𝑑𝐣𝛀 = 𝐯𝑁(𝐫, 𝛀, 𝑣) 𝑑𝐯, (2.2.20) 

neutron current (neutron gas current vector) at point 𝐫 with velocity in the interval 

(𝑣, 𝑣 + 𝑑𝑣), moving in the solid angle 𝑑𝛀 about the direction of vector 𝛀; 

𝑑𝐯 = 𝑣2𝑑𝑣 𝑑𝛀; 𝑑𝛀 = sin 𝜃 𝑑𝜃𝑑𝜑. 
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Denote 𝐞 the unit vector in the direction of the 𝑍-axis. Then the total neutron current 

from vacuum towards the left surface of the plate (at 𝑧 = 0) in the direction of 𝑍-axis 

(Figure 2.2.1) will be: 

 

𝐼0
(+)

= ∫ 𝐞 𝑑𝐣𝛀

𝛀∙𝐞>0

= 

= ∫
𝑛0

4𝜋𝑣2
𝛿(𝑣 − 𝑣0)(𝐯 ∙ 𝐞)

𝛀∙𝐞>0

𝑑𝐯 = 

= ∫ 𝑑𝜃
𝜋/2

0
∫ 𝑑𝜑 ∙

𝑛0

4𝜋
 sin 𝜃 𝑣0 cos 𝜃

2𝜋

0
=

𝑛0𝑣0

4
. 

(2.2.21) 

The total, or "global", neutron flux from the volume 𝑑𝑉 near the point 𝐫 for the 

monoenergetic neutron gas, taking into account (2.2.17) and (2.2.18), will be [85]: 

 

Φ0(𝐫) = ∫ Φ(𝐫, 𝛀, 𝑣)𝑑𝐯  =  

= ∫ 𝑑𝜑

2𝜋

0

∫ 𝑑𝜃

𝜋

0

∫ 𝑑𝑣 ∙ 𝑣2 sin 𝜃 𝑣
𝑛0

4𝜋𝑣2
𝛿(𝑣 − 𝑣0) =

∞

0

 

= 𝑛0𝑣0 = Φ0 = const, 

(2.2.22) 

and then 𝐼0
(+)

=  0Φ

4
. (2.2.23) 

In the case of a coherent reflection from the material boundary, the velocity 

component 𝑣𝑧 of the neutron reverses its sign. Therefore, the projection of the total 

neutron coherent reflected current from material boundary on 𝑍-axis (at 𝑧 = 0), taking 

into account (2.2.12), (2.2.13), (2.2.15), (2.2.16), (2.2.18), (2.2.20), will be: 

𝐼𝑐𝑜ℎ
(−)

= ∫ (−𝐞 ∙ 𝑑𝐣𝛀) ∙ 𝑅𝑐𝑜ℎ(𝐤)

𝛀∙𝐞>0

= 

=      0
0

2

2

2 /2

0 0 0

sin   cos
4 coh

n
d d d R

 

    




          kv v v v v
v

 = 

(2.2.24) 



Aleksandr Nezvanov, Université Grenoble Alpes, 2018 
Peculiarities of interaction and propagation of low-energy neutrons in nano-dispersed media 

(the example of diamond nano-powder) 

 

 
 
37 

 

= −
𝑛0𝑣0

2
∫ 𝑅𝑐𝑜ℎ(𝐤0) cos 𝜃  sin 𝜃 𝑑𝜃

𝜋
2

0

 = 

= −
𝑛0𝑣0

2
∫[1 − 𝐷𝑐𝑜ℎ(𝐤0)] cos 𝜃 sin 𝜃 𝑑𝜃

𝜋
2

0

 = 

= −
𝑛0𝑣0

4
+

𝑛0𝑣0

4
𝐷𝑛(𝐸). 

Here, 𝐷𝑛(𝐸) denotes the total transmission coefficient of the incident gas current of 

monoenergetic neutrons with energy 𝐸 from vacuum on the material through the 

boundary at 𝑧 = 0 (Figure 2.2.1): 

 𝐷𝑛(𝐸) = 2 ∫ 𝐷𝑐𝑜ℎ(𝐤0) cos 𝜃 sin 𝜃𝑑𝜃
𝜃𝑈

0
. (2.2.25) 

From (2.2.21), (2.2.24), (2.2.25) we obtain: 

 𝐼𝑐𝑜ℎ
(−)

= −𝐼0
(+)

[1 − 𝐷𝑛(𝐸)] (2.2.26) 

By definition, the albedo of coherent reflected neutron gas that enters into formula 

(2.2.14), will be equal to: 

 𝑅𝑐𝑜ℎ(𝐸) =
|𝐼𝑐𝑜ℎ

(−)
|

𝐼0
(+) = 1 − 𝐷𝑛(𝐸). (2.2.27) 

A current of neutron gas passing from vacuum the boundary  𝑧 = 0 (Figure 2.2.3) 

is: 

𝐼(+) = 𝐼0
(+)

+ 𝐼𝑐𝑜ℎ
(−)

= 𝐼0
(+)

− 𝐼0
(+)

[1 − 𝐷𝑛(𝐸)] = 𝐼0
(+)

𝐷𝑛(𝐸) (2.2.28) 

inside the plate material. 

Let’s calculate 𝐷𝑛(𝐸), taking into account relations (2.2.11), (2.2.13), (2.2.25) and 

condition 𝐸 ≥ 𝑈. Introducing notations 

 𝑥 = cos 𝜃, (2.2.29) 

 𝐵 ≡ cos 𝜃𝑈 = √𝑈/𝐸  , (2.2.30) 

we get from (2.2.25): 

𝐷𝑛(𝐸) = 8 ∫
𝑥2√𝑥2−𝐵2

(𝑥+√𝑥2−𝐵2)
2 𝑑𝑥

1

𝐵
. 
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Finally, we obtain: 

 𝐷𝑛(𝐸) =
4

3
 [

2(1−𝑈/𝐸)3/2−2+3𝑈/𝐸

(𝑈/𝐸)2
−

𝑈

𝐸
]. (2.2.31) 

In limiting cases, we have from (2.2.31): 

a) if 𝐸 ≫ 𝑈, i.е. (𝑈/𝐸) → 0: 

 𝐷𝑛(𝐸) ≅ 1 −
7

6


𝑈

𝐸
→ 1, (2.2.32) 

b) if (𝑈/𝐸) → 1: 

 𝐷𝑛(𝐸) ≅
8

3
(1 − 𝑈/𝐸)3/2 → 0. (2.2.33) 

Coherent reflection coefficient of a neutron gas (coherent albedo), following 

formula (2.2.14), will be equal: 

 𝑅𝑐𝑜ℎ(𝐸) = 1 − 𝐷𝑛(𝐸). (2.2.34) 

 

Now let`s discuss the procedure for calculating elastic incoherent albedo 𝑅𝑖𝑛𝑐(𝐸), 

the coefficient of total neutron elastic incoherent reflection from the boundary of our 

material, using formula (2.2.14). 

For a wide range of problems in the theory of neutron transport, the so-called 

diffusion approximation for the neutron transport equation (the Boltzmann equation) is 

sufficient. 

We consider the case of monoenergetic neutrons, or all neutrons having the same 

energy (in a homogeneous medium). In this case, the neutron distribution function 

Φ(𝒓, 𝛀, 𝑣) in formula (2.2.17) can be expanded in a series of spherical harmonics, and it 

is possible to limit ourselves with two first terms of the expansion [85], [87], [88]: 

 Φ(𝐫, 𝛀, 𝑣) ≅
Φ(𝐫,𝑣)

4𝜋
+

3

4𝜋
𝐢(𝐫, 𝑣)𝛀. (2.2.35) 

Here is left the icon for neutron velocity 𝑣, to distinguish cases: 

a) neutron velocity in vacuum 𝑣 = 𝑣0 and is given by the relation 𝐸 = 𝑚𝑣0
2/2 of formula 

(2.2.19); 

b) neutron velocity in the material 𝑣 = 𝑣𝑚 and is given by relation: 

 𝑚𝑣𝑚
2 /2 = 𝐸 − 𝑈. (2.2.36) 
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Inside the material through the boundary (𝑧 = 0) from vacuum passes the neutron 

gas (Figure 2.2.3), which projection on 𝑍 -axis is defined by formula (2.2.28): 

 𝐼(+) =
𝑛0𝑣0

4
𝐷𝑛(𝐸) (2.2.37) 

The neutrons transmitted inside the material are incoherently elastically scattered 

on the fluctuations of the potential 𝛿𝑈(𝐫) and on individual atoms (nuclei), partially 

absorbed by the material, heated by inelastic interactions and get a different energy, and 

a backward current of monoenergetic incoherently scattered neutrons 𝐢𝑛
(−)

 leaks from the 

material to vacuum.. 

By definition, the coefficient of non-coherent elastic reflection of neutrons (albedo) 

𝑅𝑖𝑛𝑐(𝐸) will be equal (for the plane 𝑧 = 0): 

 𝑅𝑖𝑛𝑐 =
|𝑖𝑛

(−)
|

𝐼0
(+)

=
|𝑖𝑛

(−)
|

𝐼(+)/𝐷𝑛(𝐸)
= 𝐷𝑛(𝐸)𝛽𝑖𝑛𝑐(𝐸) (2.2.38) 

Here 𝑖𝑛
(−)

 is a projection of backward current 𝐢𝑛
(−)

 on z-axis; 

 𝛽𝑖𝑛𝑐(𝐸) = |𝑖𝑛
(−)

| /𝐼(+), (2.2.39) 

– is the coefficient of incoherently reflected neutrons from the material of the plate 

(at 𝑧 = 0), referred to the neutron current that has transmitted inside the material (2.2.28), 

(2.2.37). 

The processes of incoherent neutron propagation in the material can be described by 

neutron transport equation (the Boltzmann equation). 

For the material in the diffuse approximation from the neutron distribution function 

Φ𝑚(𝐫, 𝛀, 𝑣𝑚) (2.2.35) we have [85], [87], [88]: 

 Φ𝑚(𝐫, 𝑣𝑚) = ∫ 𝑑𝛀 ∙ Φ𝑚(𝐫, 𝛀, 𝑣𝑚) , (2.2.40) 

– total neutron flux in the material at point 𝐫; 

 𝐢𝑚(𝐫, 𝑣𝑚) = ∫ 𝑑𝛀 ∙ 𝛀 ∙ Φ𝑚(𝐫, 𝛀, 𝑣𝑚) , (2.2.41) 

– neutron current in the material at point 𝐫; 

the following relation is fulfilled 

 𝐢𝑚(𝐫, 𝑣) = −𝐷∇Φ𝑚(𝐫, 𝑣𝑚), (2.2.42) 
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where the neutron diffusion coefficient in the material: 

 𝐷 = 1/(3Σ𝑡𝑟), (2.2.43) 

Σ𝑡𝑟 – transport macroscopic cross-section on neutrons in the material; 

 𝑙𝑡𝑟 = 1/Σ𝑡𝑟, (2.2.44) 

– transport path length of neutron in the material. 

Index 𝑚 denotes the values related to the material. 

Submitting the neutron albedo in form (2.2.14), we take into account the wave 

properties of the neutron as a quantum particle (via a coefficient 𝑅𝑐𝑜ℎ). 

It follows from the general principles of quantum mechanics [9], that when 

neutrons leave the material in a vacuum, a part of the neutron flux is coherently reflected 

"from the vacuum" and returns back to the material. 

Consider the left boundary of the material at 𝑧 = 0 (Figure 2.2.3). From the left 

from vacuum the current of neutron gas 𝐼(+) flows into material in direction of 𝑍 axis. 

From the material, the neutron diffusion current 𝐢𝑑𝑖𝑓
(−)

 approaches the boundary, and a part 

of this current 𝐢𝑛
(−)

 leaves the material and flows into vacuum, and the part of the current 

𝐢𝑑𝑖𝑓
(−)

 is spectacularly (coherently) reflected from the vacuum, and returns back in the 

material. Denote this coherently reflected part of the current by 𝐢𝑐𝑜ℎ
(+)

. The current 𝐢𝑐𝑜ℎ
(+)

 is 

directed along the 𝑍-axis. The following relation is fulfilled (at 𝑧 = 0): 

 𝐢𝑛
(−)

= 𝐢𝑑𝑖𝑓
(−)

+ 𝐢𝑐𝑜ℎ
(+)

 . (2.2.45) 

Then the total neutron current entering the material from the vacuum on the 

boundary 𝑧 = 0, will be equal: 

 𝐈𝑡𝑜𝑡
(+)

= 𝐈(+) + 𝐢𝑐𝑜ℎ
(+)

 . (2.2.46) 

The total diffusion current of neutrons in the material is determined by (2.2.42). 

The continuity condition of the neutron current at the material boundary at 𝑧 = 0 

has form: 

 −𝐷
𝑑Φ𝑚(𝑧, 𝑣𝑚)

𝑑𝑧
|

𝑧=0

= 𝐼(+) + 𝑖𝑐𝑜ℎ
(+) (𝑧, 𝑣𝑚)|

𝑧=0
 (2.2.47) 
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When 𝐸 ≫ 𝑈 the coherently reflected neutron current 𝐢𝑐𝑜ℎ
(+)

→ 0 and the condition 

(2.2.47) becomes a usual boundary condition at 𝑧 = 0 [89]: 

 −𝐷
𝑑Φ(𝑧)

𝑑𝑧
|

𝑧=0

= 𝐼0
(+)

=
𝑛0𝑣0

4
 (2.2.48) 

On the right boundary of the material (plane 𝑧 = 𝐻) we have the following. From 

the material, the neutron diffusion current 𝐢𝑑𝑖𝑓
(+)

 approaches the boundary. Part of this 

current 𝐢𝑛
(+)

 current leaves the material and flows into vacuum, and the part of the current 

𝐢𝑑𝑖𝑓
(+)

 is spectacularly (coherently) reflected from the vacuum, and returns back in the 

material. Denote this coherently reflected part of the current by 𝐢𝑐𝑜ℎ
(−)

. The current 𝐢𝑐𝑜ℎ
(−)

 is 

directed against 𝑍-axis (from vacuum into material). 

The following relation is fulfilled (at 𝑧 = 𝐻): 

 𝐢𝑛
(+)

= 𝐢𝑑𝑖𝑓
(+)

+ 𝐢𝑐𝑜ℎ
(−)

 . (2.2.49) 

In the diffusion approximation, the current 𝐢𝑚
(−)

(𝑧), нdirected from the boundary 

𝑧 = 𝐻 inside the material, in projection on 𝑍-axis has the form [85]: 

 𝑖𝑚
(−)(𝑧, 𝑣𝑚) = −

Φ𝑚(𝑧, 𝑣𝑚)

4
+

1

2
𝑖𝑚(𝑧, 𝑣𝑚) (2.2.50) 

Taking into account the continuity condition for the neutron current at the boundary 

of the material at 𝑧 = 𝐻, we have: 

 𝑖𝑚
(−)(𝑧, 𝑣𝑚)|

𝑧=𝐻
= 𝑖𝑐𝑜ℎ

(−) (𝑧, 𝑣𝑚)|
𝑧=𝐻

 . (2.2.51) 

Taking into account the relation (2.2.42), we obtain a boundary condition for 𝑧 =

𝐻: 

−
Φ𝑚(𝑧, 𝑣𝑚)

4
|

𝑧=𝐻

− 
1

2
𝐷

𝑑Φ𝑚(𝑧, 𝑣𝑚)

𝑑𝑧
|

𝑧=𝐻

= 𝑖𝑐𝑜ℎ
(−) (𝑧, 𝑣𝑚)|

𝑧=𝐻
 (2.2.52) 

When 𝐸 ≫ 𝑈 coherently reflected neutron current 𝑖𝑐𝑜ℎ
(−)

→ 0, and a boundary 

condition (2.2.52) turns into famous Marshak condition – the requirement of no current 

(of current absence) from the vacuum [85], [87], [88]: 
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𝑖(−)(𝑧)|
𝑧=𝐻

= −
Φ(𝑧)

4
|

𝑧=𝐻

− 
1

2
𝐷

𝑑Φ(𝑧)

𝑑𝑧
|

𝑧=𝐻

= 0 (2.2.53) 

The boundary conditions (2.2.47), (2.2.52) make it possible to calculate coefficient 

𝛽𝑖𝑛𝑐(𝐸) (2.2.39) correctly in diffusion approximation. 

It is necessary to calculate the coherent reflected neutron currents in explicit form 

𝑖𝑐𝑜ℎ
(+) (𝑧, 𝑣𝑚)|

𝑧=0
 and 𝑖𝑐𝑜ℎ

(−) (𝑧, 𝑣𝑚)|
𝑧=𝐻

. 

Preliminary calculate the coefficients of coherent reflection and transmission of 

neutrons from the material to the vacuum. The values of the neutron wave vectors are 

given by the following relations: in vacuum 𝐤0 (2.2.4) and in the material 𝐤 

 ℏ2𝑘2/2𝑚 = 𝐸 − 𝑈 . (2.2.54) 

The neutron velocities, respectively: 𝑣0 in vacuum – (2.2.19); 𝑣𝑚 in the material – 

(2.2.36). 

It can be shown [9], that for given values ℏ2𝑘𝑧
2/2𝑚, ℏ2𝑘0𝑧

2 /2𝑚 > 𝑈 , coherent 

reflection coefficients are the same for neutrons, moving from material to vacuum or from 

vacuum into material. 

Reflection coefficient: 

 𝑅𝑚(𝐤) = (𝑘0𝑧 − 𝑘𝑧)2/(𝑘0𝑧 + 𝑘𝑧)2 ; (2.2.55) 

Transmission coefficient 𝐷𝑚(𝐤): 

 𝐷𝑚(𝐤) = 4𝑘0𝑧𝑘𝑧/(𝑘0𝑧 + 𝑘𝑧)2 . (2.2.56) 

If we enter a designation (Figure 2.2.4): 

 𝑘0𝑧
2 = 𝑘0

2 cos2 𝜃𝐤0
 , (2.2.57) 

Then from (2.2.55), (2.2.56) we come to the formulas (2.2.13), (2.2.15), (2.2.16) for the 

coefficients 𝑅 and 𝐷. In this form, the formulas are convenient to use in case of neutron 

transmission from vacuum to the material. 

Here are denoted: 𝜃𝐤0
 – the angle between the directions of the vector 𝐤0 and 𝑧-

axis in vacuum; 𝜃𝐤 – the angle between the directions of the vector 𝐤 and 𝑧-axis in the 

material (Figure 2.2.4). The plate of the material is located at values of 𝑧: 0 ≤ 𝑧 ≤ 𝐻. 
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When studying the propagation of neutrons from material to vacuum, it is more 

convenient to use other variables that are more consistent with the considering physical 

phenomena. 

We denote the kinetic energy 휀 of neutron in the material: 

 휀 = 𝐸 − 𝑈 = ℏ2𝑘2/2𝑚 . (2.2.58) 

Then 

 ℏ2𝑘𝑧
2/2𝑚 = 휀 cos2 𝜃𝐤 , (2.2.59) 

and 

 ℏ2𝑘0𝑧
2 /2𝑚 = 휀 cos2 𝜃𝐤 + 𝑈. (2.2.60) 

The average potential energy (2.2.2) of a neutron 𝑈(𝑧) does not depend on 

coordinates along the axes, parallel to the planes of material boundaries 𝑧 = 0 and 

𝑧 = 𝐻. Therefore, the projection of neutron pulse on these planes is preserved [91], and 

relations (2.2.59), (2.2.60) are valid. 

Introduce the notation: 𝑅𝑚(𝐤) – coefficient of neutron coherent reflection («from 

vacuum») upon the transition of a neutron with a wave vector 𝐤 from material to vacuum; 

𝐷𝑚(𝐤) – coefficient of coherent transition of a neutron with a wave vector 𝐤 from material 

to vacuum. The relation similar to (2.2.12) takes place: 

 𝑅𝑚(𝐤) + 𝐷𝑚(𝐤) = 1 . (2.2.61) 

For the boundary plane 𝑧 = 𝐻 we have 0 ≤ 𝜃𝐤 ≤ 𝜋/2, cos 𝜃𝐤 ≥ 0. Then, taking 

into account (2.2.58) – (2.2.60), from (2.2.55), (2.2.56) we obtain: 

 𝑅𝑚(𝐤)|𝑧=𝐻 =
(√cos2 𝜃𝐤 + (𝑈/) − cos 𝜃𝐤)

2

(√cos2 𝜃𝐤 + (𝑈/) + cos 𝜃𝐤)
2 (2.2.62) 

 𝐷𝑚(𝐤)|𝑧=𝐻 =
4 cos 𝜃𝐤 √cos2 𝜃𝐤 + (𝑈/)

(√cos2 𝜃𝐤 + (𝑈/) + cos 𝜃𝐤)
2 (2.2.63) 

For the boundary plane 𝑧 = 0 we have 𝜋/2 ≤ 𝜃𝐤 ≤ 𝜋, cos 𝜃𝐤 ≤ 0 and 

√cos2 𝜃𝐤 = − cos 𝜃𝐤. From (2.2.55), (2.2.56) obtain: 
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 𝑅𝑚(𝐤)|𝑧=0 =
(√cos2 𝜃𝐤 + (𝑈/) + cos 𝜃𝐤)

2

(√cos2 𝜃𝐤 + (𝑈/) − cos 𝜃𝐤)
2 (2.2.64) 

 𝐷𝑚(𝐤)|𝑧=0 =
−4 cos 𝜃𝐤 √cos2 𝜃𝐤 + (𝑈/)

(√cos2 𝜃𝐤 + (𝑈/) − cos 𝜃𝐤)
2 (2.2.65) 

From the symmetry of the problem (Figure 2.2.4) the neutron current (2.2.41) 

𝐢𝑚(𝐫, 𝑣𝑚) in material will be directed along 𝑍-axis. The angle between vector 𝐢𝑚(𝐫, 𝑣𝑚) 

and the direction of the neutron velocity vector 𝛀 in material will be 𝜃𝐤. The neutron 

distribution function in the material, taking into account (2.2.35), (2.2.40), (2.2.41), will 

be equal: 

 Φ𝑚(𝐫, 𝛀, 𝑣𝑚) =
Φ𝑚(𝐫, 𝑣𝑚)

4𝜋
+

3

4𝜋
𝑖𝑚(𝐫, 𝑣𝑚) cos 𝜃𝐤 (2.2.66) 

Let`s consider the neutron propagation near the boundary material-vacuum, to the 

left of the plane 𝑧 = 𝐻 (i.е. in plane 𝑧 = 𝐻 − 0). 

The neutron current 𝑑𝐣𝛀 at point 𝐫, moving in the material at a velocity 𝑣𝑚 in a 

solid angle 𝑑𝛀 near the direction of vector 𝛀, в соответствии с (2.2.41) in accordance 

with (2.2.41) will be: 

 𝑑𝐣𝛀 = 𝛀 ∙ Φ𝑚(𝐫, 𝛀, 𝑣𝑚) ∙ 𝑑𝛀 . (2.2.67) 
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Fig. 2.2.3. Neutron currents, passing through the material of the 

of thickness 𝐻. 

 

Fig. 2.2.4. The image of directions of neutron motion in coherent reflection and 

coherent transmission from material to vacuum and from vacuum into material. 
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At a distance from an interface «material-vacuum» less than 𝑙𝑠 – neutron free path 

in the material before interaction, the neutron motion inside material is described by the 

Schrödinger equation with an average potential field 𝑈. Therefore the neutrons, which 

are moving from material to vacuum, will experience elastic coherent (mirror) reflection 

from the vacuum, determined by the coefficient of coherent reflection 𝑅𝑚(𝐤) (2.2.62). 

Denote the current of such a mirror reflected neutrons by 𝐢𝑐𝑜ℎ
(−)

 (Figure 2.2.3). Denoting 

by 𝐞 the unit vector in the direction of 𝑍-axis, similarly to (2.2.24) we write (in projection 

on 𝑍-axis): 

 

𝑖𝑐𝑜ℎ
(−)

= ∫ (−𝐞 ∙ 𝑑𝐣𝛀)𝑅𝑚(𝐤)

𝛀𝐞>0

|

𝑧=𝐻

= − ∫ 𝑑𝛀 cos 𝜃𝐤 [
Φ𝑚(𝐫, 𝑣𝑚)

4𝜋
𝛀𝐞>0

+
3

4𝜋
𝑖𝑚(𝐫, 𝑣𝑚) cos 𝜃𝐤] 𝑅𝑚(𝐤)|

𝑧=𝐻

= −
1

4𝜋
∫ 𝑑𝜑𝐤

2𝜋

0

∫ 𝑑𝜃𝐤 sin 𝜃𝐤 cos 𝜃𝐤

𝜋/2

0

×
(√cos2 𝜃𝐤 + 𝑈/ − cos 𝜃𝐤)

2

(√cos2 𝜃𝐤 + 𝑈/ + cos 𝜃𝐤)
2

× [Φ𝑚(𝐫, 𝑣𝑚) + 3 ∙ 𝑖𝑚(𝐫, 𝑣𝑚) cos 𝜃𝐤] 

(2.2.68) 

Denoting 𝑥 = cos 𝜃𝒌, after transformations we obtain from (2.2.68): 

 𝑖𝑐𝑜ℎ
(−)

= − [
1

4
Φ𝑚(𝑧, 𝑣𝑚)𝐴Φ(𝐸) +

1

2
𝑖𝑚(𝑧, 𝑣𝑚)𝐴𝑖(𝐸)]|

𝑧=𝐻
 (2.2.69) 

Here we introduce the notation: 

 𝐴Φ(𝐸) = 2 ∫ 𝑑𝑥
(√𝑥2 + 𝑈/𝐸 − 𝑥)

2

(√𝑥2 + 𝑈/𝐸 + 𝑥)
2

1

0

 (2.2.70) 
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 𝐴𝑖(𝐸) = 3 ∫ 𝑑𝑥
𝑥2(√𝑥2 + 𝑈/𝐸 − 𝑥)

2

(√𝑥2 + 𝑈/𝐸 + 𝑥)
2

1

0

 (2.2.71) 

and 𝐸 = 휀 + 𝑈 from (2.2.58). 

The sign «–» in (2.2.69) means that neutron current 𝒊𝑐𝑜ℎ
(−)

 is directed against 𝑍-axis, 

thus, there exists a neutron current from the vacuum to the material at the boundary of the 

plate 𝑧 = 𝐻. 

Let`s calculate the integrals (2.2.70), (2.2.71). Going to variable 휀 = 𝐸 − 𝑈, we 

get: 

 𝐴Φ(𝐸) ≡ 𝐴Φ(휀) =
1

3
(

휀

𝑈
)

2

[8 + 12
𝑈

휀
+ 3 (

𝑈

휀
)

2

− 8 (1 +
𝑈

휀
)

3/2

] (2.2.72) 

 

𝐴𝑖(𝐸) ≡ 𝐴𝑖(휀)

=
8

35
(𝑈/휀)3/2 −

1

35
(휀/𝑈)2

∙ [−120 − 168𝑈/휀 − 35(𝑈/휀)2

+ 120(1 + 𝑈/휀)3/2 − 12𝑈/휀(1 + 𝑈/휀)3/2

+ 8(𝑈/휀)2(1 + 𝑈/휀)3/2] 

(2.2.73) 

In the limiting cases from (2.2.72), (2.2.73) obtain: 

a) for 𝐸 ≫ 𝑈 we have 휀 ≫ 𝑈 and 

 𝐴Φ(휀) ≅
1

6
∙

𝑈

휀
→ 0 (2.2.74) 

 𝐴𝑖(휀) ≅
8

35
∙ (

𝑈

휀
)

3/2

→ 0 (2.2.75) 

b) for 𝐸 → 𝑈 we have 휀 → 0 and 

 𝐴Φ(휀) → 1 (2.2.76) 

 𝐴𝑖(휀) → 1 (2.2.77) 

Taking into account (2.2.76), (2.2.77) from (2.2.69) we obtain: 

 𝑖𝑐𝑜ℎ
(−)

= − [
1

4
Φ𝑚(𝑧, 𝑣𝑚) +

1

2
𝑖𝑚(𝑧, 𝑣𝑚)]|

𝑧=𝐻
 (2.2.78) 

for 𝐸 → 𝑈 or 휀 → 0. 
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Diffusion current of the neutrons 𝒊𝑑𝑖𝑓
(+)

, в emerging from material into vacuum. At 

𝑧 = 𝐻 − 0 equals [85]: 

 𝑖𝑑𝑖𝑓
(+)

=
1

4
Φ𝑚(𝑧, 𝑣𝑚) +

1

2
𝑖𝑚(𝑧, 𝑣𝑚) (2.2.79) 

Comparing expressions (2.2.78) and (2.2.79) we conclude, that for neutron energies 

𝐸 → 𝑈 we obtain the total mirror reflection of all neutrons inside the material from the 

boundary of the material with vacuum, i.e. the extremely slow neutrons will never go 

beyond the boundaries of the material. 

At high energies 𝐸 ≫ 𝑈 from (2.2.74), (2.2.75), (2.2.69) we obtain 𝑖𝑐𝑜ℎ
(−)

→ 0, т i.e. 

the current of neutrons coherently reflected «from vacuum» back inside the material, 

equals zero. The expressions (2.2.69), (2.2.72), (2.2.73) completely determine neutron 

current 𝑖𝑐𝑜ℎ
(−) (𝑧, 𝑣𝑚), entering the boundary conditions (2.2.52) at 𝑧 = 𝐻. 

 𝐴Φ(휀) ≅ 0.124 ∙
𝑈

𝐸 − 𝑈
 (2.2.80) 

 𝐴𝑖(휀) ≅ 0.083 ∙
𝑈

𝐸 − 𝑈
 (2.2.81) 

Let’s consider the neutron propagation near the boundary material-vacuum at 𝑧 =

0 (Figure 2.2.3). 

Diffusion current of the neutrons 𝒊𝑑𝑖𝑓
(−)

, emerging from material into vacuum, will 

be specularly reflected from vacuum with the reflection coefficient 𝑅𝑚(𝒌) (2.2.64) from 

the interface at 𝑧 = 0. Denote the current of such specularly reflected neutrons by 𝑖𝑐𝑜ℎ
(+)

. 

In projection on 𝑍-axis we have: 



Aleksandr Nezvanov, Université Grenoble Alpes, 2018 
Peculiarities of interaction and propagation of low-energy neutrons in nano-dispersed media 

(the example of diamond nano-powder) 

 

 
 
49 

 

 

𝑖𝑐𝑜ℎ
(+)

= ∫ (−𝒆 ∙ 𝑑𝒋𝛀)𝑅𝑚(𝒌)

𝛀∙𝒆<0

|

𝑧=0

= −
1

4𝜋
∫ 𝑑𝜑𝒌

2𝜋

0

∫ 𝑑𝜃𝒌 sin 𝜃𝒌 cos 𝜃𝒌

𝜋

𝜋/2

×
(√cos2 𝜃𝒌 + 𝑈/𝐸 + cos 𝜃𝒌)

2

(√cos2 𝜃𝒌 + 𝑈/𝐸 − cos 𝜃𝒌)
2

× [Φ𝑚(𝒓, 𝑣𝑚) + 3 ∙ 𝑖𝑚(𝒓, 𝑣𝑚) cos 𝜃𝒌] 

(2.2.82) 

After transformations (2.2.82) we have: 

 𝑖𝑐𝑜ℎ
(+)

= [
1

4
Φ𝑚(𝑧, 𝑣𝑚)𝐴Φ(𝐸) −

1

2
𝑖𝑚(𝑧, 𝑣𝑚)𝐴𝑖(𝐸)]|

𝑧=0
 (2.2.83) 

at the interface 𝑧 = 0, where 𝐴Φ(𝐸) and 𝐴𝑖(𝐸) are defined by expressions (2.2.72), 

(2.2.73). 

In the diffusion approximation between functions Φ𝑚 and 𝑖𝑚 is fulfilled: 

 𝑖𝑚(𝑧, 𝑣𝑚) = −𝐷
𝑑Φ𝑚(𝑧, 𝑣𝑚)

𝑑𝑧
 (2.2.84) 

Thus, the relations (2.2.69), (2.2.72), (2.2.73), (2.2.83), (2.2.84) completely 

determine the boundary conditions (2.2.47), (2.2.52) in the diffusion approximation. 

Let`s determine the neutron current 𝒊𝑛
(−)

 emerging from material to vacuum at 𝑧 =

0 (рисунок 2.2.3). The current 𝒊𝑛
(−)

 – is a part of the diffusion neutron current 𝒊𝑑𝑖𝑓
(−)

, that 

has passed through the interface 𝑧 = 0. The neutron transmission coefficient through the 

interfaces 𝐷𝑚(𝒌)|𝑧=0 determined by the expression (2.2.65). 

In projection on 𝑍-axis for the current 𝒊𝑛
(−)

 we have: 
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𝑖𝑛
(−)

= ∫ (−𝒆 ∙ 𝑑𝒋𝛀)𝐷𝑚(𝒌)

𝛀∙𝒆<0

|

𝑧=0

= ∫ 𝑑𝜑𝒌

2𝜋

0

∫ 𝑑𝜃𝒌 sin 𝜃𝒌 cos 𝜃𝒌

𝜋

𝜋/2

×
(−4 cos 𝜃𝒌)√cos2 𝜃𝒌 + 𝑈/𝐸

(√cos2 𝜃𝒌 + 𝑈/𝐸 − cos 𝜃𝒌)
2

× [Φ𝑚(𝒓, 𝑣𝑚) +
3

4𝜋
∙ 𝑖𝑚(𝒓, 𝑣𝑚) cos 𝜃𝒌] 

(2.2.85) 

After transformations from (2.2.85) we obtain: 

 𝑖𝑛
(−)

= [−
1

4
Φ𝑚(𝑧, 𝑣𝑚)𝑇Φ(𝐸) +

1

2
𝑖𝑚(𝑧, 𝑣𝑚)𝑇𝑖(𝐸)]|

𝑧=0
 (2.2.86) 

where indicated: 휀 = 𝐸 − 𝑈, 𝐸 – neutron energy in vacuum 

 𝑇Φ(𝐸) = 2 ∫ 𝑑𝑥
4𝑥2√𝑥2 + 𝑈/𝐸

(√𝑥2 + 𝑈/𝐸 + 𝑥)
2

1

0

 (2.2.87) 

 𝑇𝑖(𝐸) = 3 ∫ 𝑑𝑥
4𝑥3√𝑥2 + 𝑈/𝐸

(√𝑥2 + 𝑈/𝐸 + 𝑥)
2

1

0

 (2.2.88) 

Calculating (2.2.87), (2.2.88), we obtain: 

 𝑇Φ(𝐸) = −
4

3
(

휀

𝑈
)

2

[2 + 3
𝑈

휀
− 2 (1 +

𝑈

휀
)

3/2

] (2.2.89) 

 

𝑇𝑖(𝐸) = −
8

35
(

𝑈

휀
)

3
2

+
4

35
(

휀

𝑈
)

2

∙ [30(1 + 𝑈/휀)3/2 − 3𝑈/휀(1 + 𝑈/휀)3/2

+ 2(𝑈/휀)2(1 + 𝑈/휀)3/2 − 30 − 42𝑈/휀] 

(2.2.90) 

In the limiting cases from (2.2.89), (2.2.90) obtain: 

a) for 𝐸 ≫ 𝑈 or 휀 ≫ 𝑈: 

 𝑇Φ(𝐸) = 1 −
1

6
∙

𝑈

휀
→ 1 (2.2.91) 
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 𝑇𝑖(𝐸) = 1 −
8

35
∙ (

𝑈

휀
)

3/2

→ 1 (2.2.92) 

b) for 𝐸 → 𝑈 or 휀 → 0: 

 𝑇Φ(𝐸) → 0, 𝑇𝑖(𝐸) → 0, 𝑖𝑛
(−)

→ 0 (2.2.93) 

By direct calculating one can verify: 

 𝐴Φ(𝐸) + 𝑇Φ(𝐸) ≡ 1 (2.2.94) 

 𝐴𝑖(𝐸) + 𝑇𝑖(𝐸) ≡ 1 (2.2.95) 

The current 𝑖𝑛
(−)

 – is a current of neutrons that enter in vacuum from the surface of 

the material at the interface 𝑧 = 0, i.e. it is a current of neutrons incoherently (diffusively) 

reflected from the material of the plate. The current 𝑖𝑛
(−)

 (2.2.86) is included to the 

formulas (2.2.38), (2.2.39) for the calculation of neutron albedo. In the diffusion 

approximation the relation (2.2.84) is used. 

Thus, all the formulas for calculating of neutron albedo in the diffusion 

approximation taking account of coherent reflection processes are written in explicit 

form. 

In conclusion, we write down the formulas for calculating at 𝑧 = 𝐻 the current 𝑖𝑛
(+)

 

of neutrons that passed through the plate (Figure 2.2.3). Taking into account (2.2.63) in 

projection on 𝑍-axis we have: 

 

𝑖𝑛
(+)

= ∫(𝒆 ∙ 𝑑𝒋𝒆)𝐷𝑚(𝒌)

𝛀∙𝒆

|

𝑧=𝐻

=
1

4𝜋
∫ 𝑑𝜑𝒌

2𝜋

0

∫ 𝑑𝜃𝒌 sin 𝜃𝒌 cos 𝜃𝒌

𝜋/2

0

×
4 cos 𝜃𝒌 √cos2 𝜃𝒌 + 𝑈/𝐸

(√cos2 𝜃𝒌 + 𝑈/𝐸 + cos 𝜃𝒌)
2

× [Φ𝑚(𝒓, 𝑣𝑚) + 3 ∙ 𝑖𝑚(𝒓, 𝑣𝑚) cos 𝜃𝒌] 

(2.2.96) 

After transformations from (2.2.96) for the current of neutrons that passed through 

the plate, we obtain: 
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 𝑖𝑛
(+)

= [
1

4
Φ𝑚(𝑧, 𝑣𝑚)𝑇Φ(𝐸) +

1

2
𝑖𝑚(𝑧, 𝑣𝑚)𝑇𝑖(𝐸)]|

𝑧=𝐻
 (2.2.97) 

where 𝑇Φ(𝐸), 𝑇𝑖(𝐸) are defined in (2.2.89), (2.2.90). 

2.3. Solution of the kinetic equation in the approximation of small scattering angles 

The main feature of the propagation of radiation (photons, neutrons) with a 

wavelength   0,1–1 nm in nanodispersed media with a typical size of dispersed 

particles a  1–10 nm in comparison with the conventional (solid) substance is that the 

radiation undergoes additional intense coherent elastic scattering on dispersed particles. 

Coherent scattering is substantially the diffraction of radiation on the dispersed 

nanoparticle. A single-scattering angle 
1  is limited to a certain maximum angle: 

1  max  a/ , where  = /(2π). In some cases of practical importance, the basic 

processes of the interaction of radiation with nanodispersed media are radiation 

absorption by matter and coherent elastic scattering on dispersed nanoparticles. 

We assume for medium a simple structural model: equivalent round nanoparticles 

with a radius a; the particle density in the medium is N0 (Figure 1.1). A sample of the 

nanodispersed material is shaped in the form of a plate of a thickness L. 

We consider the following geometry. A broad homogeneous beam of radiation with 

a wavelength  falls along the normal to the surface (along the axis z) of a plane 

nanodispersed layer with a thickness L. Using the condition of smallness of the angle of 

single scattering of radiation on a single nanoparticle 
1  a/ << 1, we write the equation 

of radiation propagation in nanodispersed medium in the differential form (flat geometry, 

Figure 1.1) [45], [46], [61]: 

  

































),(
1

4

θ
),(

),( 2

2
zI

zI
z

zI s

a
.   (2.3.1) 



Aleksandr Nezvanov, Université Grenoble Alpes, 2018 
Peculiarities of interaction and propagation of low-energy neutrons in nano-dispersed media 

(the example of diamond nano-powder) 

 

 
 
53 

 

Here ),( zI = v0 ),( zf  is the flux density of radiation (photons, neutrons) with a 

wavelength  and the propagation direction  at the depth z in the nanodispersed medium; 

),( zf , v0 are the distribution function and the speed of radiation particles (photons, 

neutrons) respectively;  = 0 = cos; 
,  are unit vectors of the radiation particles 

before and after scattering, 0 is unit vector of the particle velocity in the incoming 

radiation beam; a is the coefficient of radiation attenuation due to absorption in the 

medium; θ
2
s =2π 

π

0

 3w( ) d  is the mean square of the angle of scattering of radiation 

with a wavelength  per unit length; w( ) d = N0d( ) is the probability of scattering 

of radiation with a wavelength  to an angle  = arccos() per unit length;   is the 

angle between the unit vectors of the velocity of radiation particles  and  before and 

after the scattering of radiation on a nanoparticle; d( ) is the differential cross section 

of elastic coherent scattering of radiation with a wavelength  on a dispersed nanoparticle. 

Because of the symmetry of the problem, the distribution function ),( zf  of the 

radiation particles does not depend on x and y coordinates and the azimuth angle  (flat 

geometry), and is determined only by the depth z and the angle  of deviation from the 

initial direction 0 of the radiation beam. Considering the ratio  





 






 ),(
1

2 zI
= 

=
θ

)θ,(
θsin

θθsin

1







 zI
= )θ,(θ zI , where  =cos; θ  is the Laplace operator in spherical 

coordinates, the transport equation (2.3.1) can be written in the diffusion approximation: 

z

zI



 )θ,(
  = )θ,(zIa  + 

4

θ
2
s )θ,(θ zI .    (2.3.2) 

The diffusion equation (2.3.2) describes the change in the radiation distribution 

function through the process of diffusion of directions of radiation propagation in the 

space of scattering angles . The boundary conditions on the surfaces of the plate of the 

nanodispersed medium with a thickness L have the form: 

 ),0( zI { (I0/2π)(1– ),  for  0<  <1  I1( ),  for  –1< <0 }, (2.3.3) 
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),( LzI  = { I2( ),  for  0< <1  0,  for  –1< <0 },  (2.3.4) 

where I0 is the flux density of the incident radiation. The function I1( ) determines the 

angular spectrum of the reflected radiation, the function I2( ) determines the angular 

spectrum of radiation passing through the plate. 

For a small plate thickness L, the probability of deviation of radiation to large 

angles is negligible, and the mean square radiation scattering angle is small: 

L
θ

2 << 1. For thick plates of absorbing medium, with increasing z coordinate the 

distribution function )θ,(zf  for large values of angle  decreases exponentially as a result 

of additional attenuation. The additional exponential weakening is due to the increase in 

the optical path length of radiation propagation in the material at high scattering angles 

. This means that the distribution )θ,(zI  is significantly different from zero only for 

small angles ( << 1). The smallness of the angle of multiple radiation scattering can 

simplify the problem (2.3.2)–(2.3.4). 

The diffusion approximation involves consistent inclusion of small terms, up 

to  2, into the equations. Therefore one assumes  = cos  1 – 2/2  (1 + 2/2)–1 in 

the equation (2.3.2). sin   is replaced in the Laplace operator. 

Since the solution )θ,(zI  should decrease rapidly with the increase of , we can 

formally define the range of variation 0    ∞ and require ( ,θ)I z ⟶0 at ⟶∞. At 

normal incidence of radiation the diffusively reflected flux is absent, that is I1() = 0 in 

(2.3.3).  

As a result of transformations we find that for small-angle scattering, the radiative 

propagation equation in the diffusion approximation with the boundary conditions 

(2.3.2)–(2.3.4) takes the form: 

( ,θ)I z

z




 = – 










2

θ
1

2

)θ,(zIa  + 
2

θ

4

s











2

θ
1

2 1 ( ,θ)
θ

θ θ θ

I z   
     

,  (2.3.5) 

( 0,θ)I z   = 
θ

δ(θ)

π2

0I
, ( ,θ)I z = 0   for  ⟶ ∞.   (2.3.6) 
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Let us analyze the problem (2.3.5)–(2.3.6). In the initial statement of the problem 

(2.3.2)–(2.3.4) there were three characteristic length parameters: L – thickness of the plate 

material; la = 1/ a  – mean free path of the radiation particles till their absorption in the 

medium; ltr  2 
1

2
θs



 – transport length of the coherent elastic scattering of radiation by 

nanoparticles. The parameter L was used in the condition 

L
θ

2 << 1; it is not explicitly included in the obtained equations (2.3.5)–(2.3.6). 

For the material with low absorption of radiation, the relation la >> ltr is valid, and 

terms containing the factor a  can be neglected in the equation (2.3.5). For values z > ltr, 

the equation (2.3.5) cannot be used, and the diffusion equation in coordinate space should 

be solved for describing the propagation of radiation in nanodispersed materials. For 

values z << ltr, the equation (2.3.5) reduces to the well-known equation of propagation  of  

radiation in matter without being absorbed [45]: ( ,θ)I z z  =
2

θ

4

s 1 ( ,θ)
θ

θ θ θ

I z   
     

. For 

the boundary conditions (2.3.6), we obtain its solution for z << ltr: ( ,θ)I z =  2
0 π θsI z



 2 2exp θ θsz 
  . The condition of applicability of this solution at small depths will be 

z >> sl , where sl = (N0)–1 is the mean free path of the radiation in the material before 

scattering;  is the total cross section of elastic coherent scattering of radiation with a 

wavelength  on a dispersed nanoparticle. 

Otherwise, for a material with strong absorption of radiation the following relation 

is valid: 

la << ltr ,   or   la
2 2θs << 1.    (2.3.7) 

In this case, the equation (2.3.5) reduces to the equation ( ,θ)I z z  = – ( ,θ)aI z , 

with the solution ( )I z = 0I exp( )az  for z0. The condition (2.3.7) points to the 

applicability, for absorbing materials, of the approximation of small-angle scattering of 
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radiation for all values z <∞. Therefore, it is natural to use below the following 

dimensionless length variable =z a  for solving the problem (2.3.5)–(2.3.6). 

The problem (2.3.5)–(2.3.6) will be solved using the variation method analogous 

to that of Ritz. We introduce the operator T̂ , which acts on some function  ,θP z  as 

follows: 

  θ,ˆ zPT = –
z

zP



 )θ,(
– 










2

θ
1

2

)θ,(zPa  + 
4

θ
2
s











2

θ
1

2 1 ( ,θ)
θ

θ θ θ

P z    
     

. 

 (2.3.8) 

Consider the integral 

S =   
2

0 0

ˆ( ) θ ,θ θ

L

z dz T P z d


    .    (2.3.9) 

For absorbing materials, it is possible to assume in many cases L⟶∞, and consider 

the problem for the half-space z0. Integral S in the weight function ( )z 0 is non-

negative and vanishes only if the function  ,θP z  meets the transport equation (2.3.5). 

Thus, solving the transport equation (2.3.5) is equivalent to the requirement that the value 

of S have to has the minimum possible value. If the function  0 ,θP z  is an exact solution 

of the equation (2.3.5), then   θ,ˆ
0 zPT  0 and    0

ˆ ,θ ,θT F z P z     ˆ ,θT F z    for any 

function  ,θF z . By approximating the function  θ,0 zP  with any suitable function 

 ,θF z , in which there are parameters with undetermined values, and substituting the 

function  ,θF z  in the expression (2.3.9), we obtain an approximate solution of the 

transport equation meeting the requirement S = 0. Equations (2.3.8)-(2.3.9) provide the 

smallest squared deviation, with a weight ( )z , of the approximate function  ,θF z  from 

the exact solution  θ,0 zP  of the transport equation.  

Taking into account the results of [46], [61], we choose an approximating function 

to solve the equation (2.3.5) with one dimensionless variable  as follows: 



Aleksandr Nezvanov, Université Grenoble Alpes, 2018 
Peculiarities of interaction and propagation of low-energy neutrons in nano-dispersed media 

(the example of diamond nano-powder) 

 

 
 
57 

 

( ,θ,α)F z  = 
 

2

exp

θ

a

s

z

z


 2exp θ αaz














θ

θ
exp

2

2

sz
.   (2.3.10) 

Function  

( ,θ,α)I z = 0 ( ,θ,α) πI F z      (2.3.11) 

meets the boundary conditions (2.3.6) for   0. By finding the numerical value of the 

parameter min, at which the minimum of the integral S (2.3.9) is achieved, we obtain an 

approximate solution of the transport equation (2.3.5) in the form min( ,θ,α )I z  (2.3.10)-

(2.3.11), meeting the requirement S = 0. 

Let us compute  )αθ,,(ˆ zFT . For further references, we write down the explicit 

calculation result up to the small terms of the order of  2 inclusive. Designating the 

calculation result through function )αθ,,(zT , taking into account (2.3.8), (2.3.10), we get: 

( ,θ,α)T z =  ˆ ( ,θ,α)T F z   zaexp  2exp θ αaz













θ

θ
exp

2

2

sz
( ,θ,α)t z , (2.3.12) 

where  

( ,θ,α)t z = –  a
2

2

θ

2 θ

a

sz


 +

θ

α3θ
2

2

s

a

z



θ2

θ
22

2

sz


2

θ2

  a + 22 2)( a z.  (2.3.13) 

For the approximate solution min( ,θ,α )I z  of the transport equation (2.3.5), we will 

start to finding the minimum of the integral (α)S  with the weight ( )z 0 for the 

parameter values  > 0. For L⟶∞ we get (α)S =  
2

0 0

( ) θ ( ,θ,α) θz dz T z d
 

  . 

It is convenient to carry out the calculation )α(S  in two steps. We introduce 

notations: y = 2, ( ,α)Z z =  
2

0

θ ( ,θ,α) θT z d



 =
2

1  
2

0

( , ,α)zT y dy



 , and (α)S =
0

( ) ( ,α)z Z z dz




.  

From (2.3.12)–(2.3.13) we get: 

 
2

( , ,α)T z y =  za 2exp



























 y

z
z

s

a
θ

1
α2exp

2 2( , ,α)t z y ;   (2.3.14) 
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2( , ,α)t z y =
22α a +

22α a y +
4

α 
22

a y2 +
  42

2

2

θ4 z

y

s

– 233α zya +
 

2

32
2

θ2
y

zs

a – 2

2

32

θ

α
y

s

a + 

       + 2

2

33

θ

6α
y

s

a + 2244α yza – zya

332α  +
 

2

22
2

2

θ4
y

zs

a + 2

2

2

θ2

α
y

zs

a – y
zs

a

θ

6α
2

22 –
 

2

22
2

2

θ

α3
y

zs

a + 

+ y
zs

a

22
θ

α
– 2

2

22

θ

4α
y

zs

a +
 

2

22
2

22

θ

α9
y

zs

a + y
zs

a

θ

α
2

2
 + 2

22
θ2

α
y

zs

a –
 

2

32
2
θ

α3
y

zs

a .  (2.3.15) 

Considering expressions (2.3.14)-(2.3.15), the function )α,(zZ  is calculated 

analytically using the known relation ∫ exp( )ny Gy dy
∞

0
=

1! nn G 
=

1( 1) nn G   . General 

constant factors in the formula (α)S  do not affect the value of the dimensionless 

parameter min, at which the minimum of the integral (α)S  is achieved.  

We introduce the dimensionless function (α)b =  2 αθsa , use the 

dimensionless variable =z a  and group terms in the derived expression for ( ,α)Z z . We 

omit common constant terms in the expression (α)S , and get dimensionless function 

(α)Q : (α)S  (α)Q , for which we find the minimum and evaluate min. As a result of 

transformations we obtain: 

(α)Q  =  α 2
1(α)K + 2 (α) 4K +        2 21

16α (α) 4 3α 2 (α)b b

  )α(3K + 

+   
4 1

(α) 16αb


4 (α)K – 5 (α) 4K +  
1

8α 3 4
 

 
 4)α(b )α(6K +  α 4 )α(7K – 

–  α 2 )α(8K +               4 4 4 21 1
(α) 16α 3 4 (α) 9α 4 (α) (α) 8αb b b b

 
   )α(9K + 

+  
1

8α 1
 

 
 2)α(b )α(10K +    1 4 3α 2    2)α(b

11(α)K + 
2

(α)b 12 (α) 4K . 

Here we introduced the following notations: 

1(α)K =     
1

22

0

ξ (ξ)ξexp 2ξ ξ (α)d b
 

  ;   
2 (α)K =

    
2

22 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;   3(α)K =     
3

23 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;  
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4 (α)K =     
3

21 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

   ;   5 (α)K =

    
3

24 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;   6 (α)K =     
3

22

0

ξ (ξ)exp 2ξ ξ (α)d b
 

  ; 

7 (α)K =     
3

25 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;   8 (α)K =

    
2

23 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;   9 (α)K =     
3

22

0

ξ (ξ)ξexp 2ξ ξ (α)d b
 

  ;  

10 (α)K =     
3

22 2

0

ξ (ξ)ξ exp 2ξ ξ (α)d b
 

  ;   
11(α)K = 

    
2

22

0

ξ (ξ)ξexp 2ξ ξ (α)d b
 

  ; 
12 (α)K =     

2
22

0

ξ (ξ)exp 2ξ ξ (α)d b
 

  .  

For the weighting function of a type (ξ) = for >0, integrals 1(α)K , ... , 12(α)K  

can be calculated analytically. The minimum (α)Q  is defined for the following weight 

functions: )ξ(1 = ξ  and )ξ(2 = ξ , for ξ0.  

With the weight functions )ξ(1 , )ξ(2 , integrals 1(α)K , ... , 12(α)K  and (α)Q  in 

this paper have been calculated in an explicit analytic form. 

For values of the dimensionless parameter 2
θsa  in the range from 1 to 100, local 

minima of the function (α)Q  were found and values of the parameter min were directly 

numerically calculated. Figures 2.3.2, 2.3.3 illustrate calculated values of Q as a function 

of parameter . As clear from the Figures, values of Q change only slightly in the vicinity 

of the minimum of min.  Therefore, in most cases, the value min=1 2  can be used for 

approximate estimations. The value of min, calculated here precisely, confirms validity 

of estimations and conclusions in [46], [61]. 

The values of a  and 2
θs  contain information about properties of concrete 

materials and peculiarities of the interaction of radiation with nanoparticles. Figure 2.3.4 
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presents calculated values min as a function of parameter 2
θsa  for weight functions 

)ξ(1  and )ξ(2 . 

 

Fig. 2.3.2. Calculated values Q as a function of parameter . 

1, 2, 3 – values 2
θsa =10, 20, 30 respectively. Points  values min. (ξ) =  . 

Fig. 2.3.3. Calculated values Q as a 

function of parameter .1, 2, 3  values 

2
θsa =10, 20, 30 respectively. 

Points  values min. (ξ) =. 

Fig. 2.3.4. Calculated values min as a 

function of parameter 2
θsa . 

1  𝜌(𝜉) = √𝜉; 2  𝜌(𝜉) = 𝜉. 

Conclusion. An analytical solution of the kinetic equation for the propagation of 

radiation (photons, neutrons) in nanodispersed absorbing medium is derived using 

variation method in the approximation of small scattering angles. An approximate 

solution of the equation (2.3.1) for the radiation propagation has the form: 

)αθ,,( minzI  = 0I  
2

exp

π θ

a

s

z

z


 2

minexp θ αaz













θ

θ
exp

2

2

sz
. 
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This expression can be applied for depths sl  << z << 2   1
2

θ


s
 of penetration of 

radiation into material. For approximate calculations, the value min = 
1

2
 can be used. 

2.4. Description of the diamond nanopowder model 

Particles of detonation nanodiamond are crystallites with a diameter of 4-5 nm, 

being formed as a result of blowing explosive substances with a negative oxygen balance 

in a unoxidized environment [62], [64], [106], [107], [108]. The synthesis conditions 

determine the shape of the nanoparticles [109]. When the products of denotation are 

cooled with water vapors, the shape becomes spherical. In the case of dry synthesis, the 

diamond nanocrystals become ideal in terms of structure. Nanodiamonds are of complex 

chemical composition. The basic composing elements are carbon C (90.3-93.8 wt. %), 

oxygen O (2.3-4.5 wt. %), nitrogen N (1.5-2.3 wt. %) and hydrogen H (0.4-4.8 wt. %) 

[110]. Volatile, difficult-to-remove impurities CO, CO2, N2, H2O [64] consist of the 

atoms of oxygen, nitrogen and hydrogen. 

There may be other impurities in detonation nanodiamonds (up to 4.1 wt. % [111]) 

– non-combustible metal oxides and carbides, occurring due to corrosion of the walls of 

the explosive chambers. If there are massive explosive chambers, the amount of non-

combustible impurities may reach 26 wt. % [64]. 

The hydrogen contained in the nanopowder causes heating of cold and very cold 

neutrons via incoherent scattering. The cross section of neutron capture in hydrogen 

nuclei is ~ 102 times larger than the cross section of neutron capture in carbon nuclei. The 

hydrogen reduces the albedo value and deteriorates the conditions for the collection of 

low-energy neutrons in the vessels made of the diamond nanopowder [7]. 

Powders of detonation nanodiamonds may adsorb atmospheric moisture [112], 

[113]. The nanopowder pores contain adsorbed water and its amount may be from 1.3 to 

6.6 wt. % [114], [115]. It is possible to partially remove water by heating or vacuum 
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pumping. Removal of water changes the concentrations of carbon nuclei Cn  – hydrogen 

Hn  ( /C Hn n ) ration from 7.4 to 12.4 [W14]. 

Diamond nanopowders contain hydrogen atoms directly related to the 

nanodiamonds surface stabilizing the carbon nanoparticle in the diamond phase. 

Hydrogen atoms take up unsaturated bonds of carbon atoms on the surface of crystallites. 

Thus, there are formed covalent C–H bonds and stabilized electronic sp3–configurations 

peculiar for the diamond phase [116]. 

If speaking about detonation nanodiamonds, the diamond phase with 

sp3configuration of carbon atoms inside the nanoparticle gives place to the graphite-like 

carbon with sp2configuration of bonds on its surface [108], [W16], [117], [118], [119], 

[120], [121]. A lot of various methods evidence the detection of sp2configuration of 

bonds [122], [123], [124]. The shell thickness is 0.4-1 nm [86], [125], [126], [127]. 

In order to study the structures of diamond nanoparticles; there has been applied 

the method of neutrons small-angle scattering [127], [128], [129], [130]. It has been found 

that there is no strict line between the diamond core and the amorphous shell. The 

nanodiamond crystal structure deforms gradually, becoming disordered, ‘graphite-like’ 

near its surface. Having studied suspensions from detonation nanodiamonds; it has been 

found that the observed asymptotic behavior of the intensity of neutrons small-angle 

scattering fails to correspond to the Porod`s law [131]. Thus, the diamond nanoparticle 

may be characterized as a complex heterogeneous system with a strong diffuse quality, 

as evidenced by other studies [125], [132]. 

There are compounds of the elements N, O, H on the surface of the diamond 

nanoparticle, forming the following functional groups: methine, methyl, methylene, 

carbonyl, hydroxyl, aldehyde, carboxyl, ether and anhydride, sulfo groups, nitro groups, 

amine, amide, etc. [133], [ W35], [135]. 

In order to create a theoretical diamond nanopowder model, let us consider the 

characteristics of the nanopowder “ultradiamond90” [15], being used in neutron 
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experiments [14]. The results of these experiments were used for comparison with 

theoretical calculations. 

Nanopowder is produced by Ultradiamond Technologies, USA [16–17]. 

Nanodiamonds contain 90 wt. % of the carbon diamond phase. Diamond nanoparticles 

have a spherical shape and a diameter from 0.5 to 10 nm. The average particle diameter 

is 4–5 nm. The vast majority of particles are from 2 to 8 nm in size. The medium-sized 

nanodiamonds “ultradiamond90” shell thickness is from 0.5 to 0.7 nm [18], [19], [20]. 

It is important to consider the shell of diamond nanoparticles as it makes additional 

contribution to the scattering cross section and neutron capture. The nanoparticles shell 

density has an estimated value of 1.6–1.9 g/cm3 based on the chemical composition of the 

nanopowder. 

Nanoparticles size distribution is an essential characteristic of diamond 

nanopowders. Diamonds nanoparticles-size distribution is often approximated by the 

logarithmic-normal distribution law [131], [136]: 

   
2 21

exp ln 2
2

f r r
r

 
 

   
 

 

where   is the scale parameter (median),   ;  is the shape parameter 

(variability), 0  . 

The growth of nanodiamonds during detonation synthesis is mainly provided by 

the coagulation of the explosion products rather than by the diffusion of individual carbon 

atoms [137]. This process is described by the logarithmic-normal law of particle-size 

distribution. If the particles grow layer-by-layer thanks to adsorption of new atoms of 

substance, the particle distribution will be described by the normal law of distribution 

[138]: 

2 21
( ) exp ( ) 2

2
f x x  

 
      

where  is the mathematical expectation, and 
2 is the variability. 

Practically, the consistent pattern in the nanoparticles size distribution is an 

intermediate form between these two patterns. For extra small particles, the increase in 
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size is caused by layer-by-layer attaching of new atoms, and only then by coagulation 

[139]. The exponential power-series distribution is an acceptable approximation for 

description of the small nanoparticles size distribution. 

Let us compare experimentally measured functions of nanopowder 

“ultradiamond90” particles size distribution. 

 

Fig. 2.4.1. Dependence of the distribution density  f r on the particle radius r , nm. 

Figure 2.4.1 demonstrates particles size distributions in the nanopowder 

“ultradiamond90”. 

1. Distribution specified on the manufacturer's website of nanopowder. The 

distribution was obtained by the small-angle X-ray scattering method [15]. 

2. Exponential-power approximation (2.4.1) of nanoparticles “ultradiamond90” 

size distribution for the most probable radius (mode) of diamond nanoparticle 1 51modeR .  

nm with distribution parameters 21.33A  nm-6.55, 5.55  , 3.80   nm-1,

24

0 3.58 10N    m-3. 

3. Exponential-power approximation (2.4.1) of nanoparticles “ultradiamond90” 

size distribution for the average radius of diamond nanoparticle 1.8meanR   nm with the 

distribution parameters 25.82A  nm-6.55, 6.18  , 4.09   nm-1,
24

0 3.54 10N    m-3. 
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Approximations 2, 3 of the distribution function 1 were obtained for the values of 

impurity shell density 1.6shell   g/cm3, shell thickness 0.5h   nm. The average particle 

radius and the mode of distribution for the nanopowder “ultradiamond90” are 1.998 nm 

and 1.51 nm, accordingly. 

Further, we will use information on powder characteristics [15], [16], and the 

results of approximation  f r  by exponential-power distributions varying the 

distribution parameters. 

We will describe the developed algorithm for determination of the distribution 

parameters of diamond cores in terms of size. 

Let us consider the normalized function  f r  of distribution of nanoparticles in 

terms of size (radii) of their diamond cores. 

 

Fig. 2.4.2. Graphic of the distribution function  f r  depending on the radius r of the 

nanodiamond core. 

Let us specify: r is the radius of the nanoparticle diamond core; min
r , max

r  are the 

lines of the interval of acceptable values r ; 

     ; , ,   rf r f r A Ar e      is the exponential-power distribution; 
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or    ; , ,f r f r A     
2 21

exp ln 2
2

A r
r

 
 

  
 

 is the logarithmically 

normal distribution. 

Let us consider the exponential power law of distribution. We have the same 

argument for the logarithmically normal distribution. 

It is necessary to determine the sets of quantities  , ,A    or  , ,A   . Let us 

introduce the external parameters of the problem, being determined experimentally: 

 M
r  is the most probable value of the radius of the diamond core of diamond 

nanoparticle; 

 r  is the average value of the radius of the diamond core of diamond nanoparticle. 

To determine the distribution parameters: 

    ; , ,   rf r f r A Ar e     . (2.4.1) 

the following conditions will be applied. 

The first condition is the normalization of the total probability by 1: 

     1
max max

min min

r r

r

r r

f r dr A r e dr    . (2.4.2) 

The second condition can be set in two ways. If one sets the average value of the 

radius of the diamond core, then the condition will be: 

      
max max

min min

r r

r

r r

r f r dr r Ar drr e      . (2.4.3) 

If one sets the value of the most probable radius (mode of distribution), then the 

second condition will be: 

 
 

0

Mr r

df r

dr


 . (2.4.4) 

for min M max
r r r  . 
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Let us consider the third condition. Let us specify core
  to be the density of the 

substance of the diamond core of nanoparticle. Let us consider the following structural 

model of diamond nanoparticle (Figure 2.4.3). 

 

Fig. 2.4.3. The model of the structure of diamond nanoparticle: diamond core 

without impurities with radius r , an impurity shell with a thickness of h , uniformly 

surrounding the diamond core; 0.5 0.7h   nm. 

Let us introduce the notation: 

 M  is the mass of a unit volume of a diamond nanopowder, in other words the 

total mass, including diamond nuclei and impurity shells (this value is brought by 

measurements); 

 0
N  is the total number of diamond nanoparticles per unit volume of material (in 

other words in the unit volume of the space occupied by the powder). 

  core
M is the mass of diamond cores of nanoparticles per unit volume of diamond 

nanopowder; 

  shell
M is the mass of impurity shells of diamond nanoparticles per unit volume of 

nanopowder. 

 core shell
M M M  . (2.4.5) 

 

𝑟 

ℎ 
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Sizes: 

      3  /
core shell

M M M г см   ;   3

0
1/N cm . 

The condition for determination of 0
N  is received from the known mass of 

diamond cores for the “ultradiamond90” nanopowder (90 wt. %): 

  3

0

4
 

3

max

min

core cor

r

r

e
N r f r dr M


  . (2.4.6) 

where  ( ) rArf r e  . 

This is the third condition for determination of the distribution parameters ( )f r , as 

a forth unknown value is added to the unknown values A ,  ,   . 

The fourth condition is written as follows: 

    
3 3

0

4
 

3

max

min

shell she

r

l

r

l
N r h r f r dr M


    

  . (2.4.7) 

where  ( ) rArf r e  . 

The condition (2.4.7) is determined by following the balance of impurities mass in 

the diamond nanopowder. 

Here shell
  means the density of substance of the impurity shell surrounding the 

diamond core of the nanoparticle. 

No direct measures of shell
  were made. The value shell

  may be determined from 

based on the known chemical composition of the impurity shell material of diamond 

nanoparticles, or estimated using small-angle scattering and diffraction of neutrons or  

X-rays: 

 1.6 1.9
shell

   g/cm3. (2.4.8) 

Thus, having determined the unknown quantities A ,  ,   , 0
N  from the system 

of equations (2.4.2)–(2.4.7), we will be able to determine the parameters of the 

nanoparticle size distribution (2.4.1). In the same way, the values of A ,  ,   , 0
N are 

determined for the logarithmically normal distribution. 
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Let us make the following explanations: 

1. The density of impurity shell material shell
  may be approximately measured if 

the density of each substance in the nanoparticle impurity shell content and its percentage 

are known. For example: impurities – carbine, a fraction 0.3 (30%), density carb
 ; 

graphite, a fraction 0.27 (27%), density grap
 ; oxygen, a fraction 0.27 (27%), density O

  

and hydrogen, a fraction 0.03 (3%), density H
  in the condensed or bound state; 

shell
 = 0.3 

carb
 +0.4 

grap
 + O

0.27 + H
0.03 . 

2. The value of impurity shell thickness was measured experimentally [18], [19], 

[20]: 0.5 0.7h   nm. 

The total packing coefficient of nanodiamond powder is determined  based on 

the ratio: 

    
3

0

4

3

max

min

r

r

N r h f r dr


   . (2.4.9) 

The total porosity of the nanopowder: 

 1p   . (2.4.10) 

Usually nanodispersed systems contain heterogeneous and polydispersed particles, 

form multilevel (multiscale) aggregate structures. Nanodiamonds of detonation synthesis 

form difficult-to-break agglomerates with sizes 2d 100-200 nm, called ‘agglutinates’ 

[21], [22], [23], [24], [25]. Such aggregates consist of primary diamond nanoparticles 

1d 4-5 nm in size. 

The diamond nanopowder structure was specified at the end of section 2.1 of the 

thesis. The packing density inside the agglomerates with size 2d  is 
1 0,6 . The packing 

density inside the agglomerates with a characteristic size 3d  (consist of agglomerates with 

size 3d ) is 
2 0.6 . The packing density inside the agglomerates 4d  (consist mainly of 

agglomerates of size 4d and 3d ) is 
3 0.6 . Diamond nanopowder consists mainly of a 
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mixture of agglomerates 3d  and 4d . The coefficient of packing of diamond nanopowder 

with agglomerates 3d  and 4d  is 
4 0.6 0.7  . The total packing coefficient of  diamond 

nanopowder  is in the range: 
1 2 3 4 1 2 3         , i.e. 0.1 0.2  . The total porosity 

of the diamond nanopowder is 1 0.8 0.9p     , that corresponds to the observed 

values [7], [14]. 

In order to make numerical measures, there was applied the experimentally 

measured size distribution function for nanopowder particles ‘ultradiamond90’ ( )f r , 

provided by the manufacturer of diamond nanopowder. 

There has been made a table of numerical values of ( )f r  function, the interpolation 

procedure was used for intermediate values of the radius r  of the diamond core. 

In order to determine the characteristics of a diamond nanopowder 0
N  and  , 

there has been used: the normalization condition   1
max

min

r

r

f r dr  , similar to formula (2.4.2), 

and equations (2.4.6) and (2.4.9). 
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CHAPTER 3. THE DEVELOPMENT OF AN ALGORITHM OF NUMERICAL 

MODELING OF NEUTRON TRANSPORT IN THE DIAMOND NANOPOWDER 

The method of mathematical modeling, the Monte Carlo method, is widely used 

for the numerical solution of the Boltzmann type neutron transport equation. The 

algorithm consists of three main blocks in the software implementation of the method. 

The first block implements algorithms for calculating the scattering angles and cross-

section of the interaction of neutrons with matter. The second block implements the 

conversion algorithms for the coordinate system. The third block simulates the free path 

of neutrons in the material. 

3.1. The cross-section calculation for elastic coherent neutron scattering by 

spherical nanoparticles 

For neutrons with wavelengths d  , where  
1/4

/d a n , n  is the atomic 

(nuclear) density of matter of dispersed nanoparticles, the diffraction on matter density 

inhomogeneities is the principal mechanism, which defines neutron propagation. Due to 

the multiple scattering, the propagation of neutrons could be considered as their diffusion 

in the medium. Additional coherent scattering on dispersed nanoparticles increases the 

effective path of neutrons in matter and thus it increases the probability of radiation 

absorption. This process is described via the decrease of the neutron diffusion length 

Lc = (3trc)
−1/2, where tr and c are the macroscopic transport cross section and the cross 

section of neutron absorption in matter respectively. The probability of neutron 

absorption is wa  1∕Lc. For neutrons with wavelength d   we get wa  a−1/25/2. 

Increase in the intensity of scattering by dispersed nanoparticles increases the 

number of neutrons escaping from a matter sample that appears as increase in the number 

of neutrons diffusively reflected from the sample. Increase in the scattering intensity is 
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described via decrease of the neutron diffusion coefficient D = (3tr)
−1. The probability 

of neutron scattering to large angles is ws  tr. For d   we get ws  4∕a. The ratio of 

probabilities is ws / wa  3/2a−1/2. Thus for small neutron energies and small characteristic 

sizes of dispersed nanoparticles, the probability of diffusive neutron reflection from 

nano-dispersed material increases sharper than the probability of neutron absorption in 

this material. The neutron wavelengths d corresponds to energies of cold and very cold 

neutrons (CN and VCN respectively). The phenomenon of intense coherent elastic 

scattering of slow neutrons on dispersed nanoparticles allows application of materials 

containing nanoparticles for constructing novel efficient reflectors of VCNs and CNs. 

Most efficient currently VCN reflectors are based on diamond nanopowders [1], [2], [5], 

[7].  

The principle mechanism of interaction of slow neutrons with nanopowder consists 

of their coherent elastic scattering on nanoparticles, which is described via introduction 

of effective (optical) potential of matter. We start from a simple model for matter: piled 

up monodispersed diamond powder consisting of round nanoparticles with the radius a, 

without impurities of other chemical elements. The powder packing factor is denoted as 

; it corresponds to the fraction of material volume occupied by matter; the porosity of 

material is p = 1 – . The efficient potential of the interaction of neutrons with particle 

matter is V(r) = {U0, for r  a | 0, for r  a}, where  2 7

0 2 / 10U m n b    eV, m is 

the neutron mass, b is the neutron coherent scattering amplitude at the bound atomic 

nucleus [72]. For diamond this potential barrier equals U0 = 305 neV.  

For calculations of neutron scattering in dispersed media one often uses the 

perturbation theory in the form of first Born approximation for single scattering [92]. 

Such approach constrains sizes of dispersed particles a2 ≪ ħ2∕mU0 [9] or 11.8a   nm for 

diamond. Solving precisely the problem, one could reliably estimate uncertainties of 

results derived within the Born approximation. To increase the accuracy of model 

description of the interaction of low energy neutrons with nanodispersed materials, first 

we solve precisely the scattering problem without using Born approximation. 
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The solution is based on precise calculation of the differential cross section of 

coherent elastic scattering of neutron on nanoparticle to certain direction within 

elementary solid angle d: 

 d1(, )/d =  f(, ) 2, (3.1.1) 

where ,  are the scattering angle and the neutron energy respectively. The amplitude of 

coherent elastic scattering f(, ) of neutron on nanoparticle is defined as follows: 

 
1

0

( , ) [2 ( )] (2 1){exp[2 ( )] 1} (cos ).l l

l

f ik l i P     






    (3.1.2) 

Here k() is the wave neutron vector, 
l
 () is the scattering phase, Pl(cos) are 

Legendre polynomials. There are a few equivalent methods to calculate 
l
 (). We use the 

method of phase functions [93], and solve the phase equation for precisely calculating 
l


(): 

2 2' ' '( , ) [2 ( ) / ( )]{cos[ ( , )] ( ) sin[ ( , )] ( )}l l l l l

d
r mV r k r j kr r n kr

dr
         ; 

the initial condition is '
l
 (r = 0, ) = 0. Here '

l
 (r, ), l

j (kr) and l
n (kr) are the phase 

function and Riccati–Bessel functions respectively. The scattering phase is found 

according to formula 
l
 () = '

l
 (r = , ), and thus we define precisely the differential 

cross section d1(, )∕d. Application of the method of phase functions provides an 

advantage for describing scattering in dense media, as it allows directly performing 

quantitative estimations and comparing criteria that condition correctness of application 

of different approximations [94]. 

For the amplitude of coherent elastic scattering of neutron on nanoparticle towards 

the angle  we get in Born approximation Bf (, ) = −[m∕2ħ2]∫V(r)exp(–iqr)dr, where 

q = 2k()sin(∕2) [9]. 

Detonation nanodispersed diamond is a cluster material with diamond crystal 

structure characterized by sizes of ~4.3 nm [95]. We will calculate values that characterize 

neutron propagation in nanodispersed media, and compare results of precise quantum 
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mechanical calculations to results of calculations within Born approximation for different 

neutron energies  in the range from 3  10−7 to 10−3 eV, for diamond nanoparticle radii 

a in the range from 2 to 5 nm. 

The comparison will be performed using four values. 

First value is the differential cross section of coherent elastic scattering of neutron 

on diamond nanoparticle d1(, )∕d (3.1.1). The neutron wave vector is k() = 

ħ−1(2m)1/2. We will calculate normalized scattering cross sections () = f(, )2∕f0
2 

and B() =  Bf (, )2∕f0
2, where f0 = f( = 0, ) is the value of precise amplitude of 

neutron “forward” scattering on nanoparticle (3.1.2). The error in the value 
1σ
Bd ∕d 

calculated within Born approximation compared to the precise quantum mechanical 

calculation d1∕d is characterized by the relative deviation () = 1 –  Bf (, )2∕f(, 

)2   100%. Figs. 3.1.1 and 3.1.2 illustrate results of these calculations. 

 

Fig. 3.1.1. Calculated normalized differential cross sections as a function of the neutron 

scattering angle, in relative units.  = 10–6 eV, the radius of diamond nanoparticle is 

a = 5 nm, f0
2 = 3.2  10−19 м2. 1 – first Born approximation B(); 2 – precise 

calculation (). 

Second calculated value is the total cross section of coherent elastic scattering of 

neutron on diamond nanoparticle 1 = 2
0



 |f()|2sind or 1=(4∕k2)
0

(2 1)
l

l




 sin2

l
 . 
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Results of precise calculation of the value 1 compared to calculations in Born 

approximation are presented in Table 3.1. 

 

Fig. 3.1.2. Calculated value  as a function of the neutron scattering angle .  = 10–4 

eV, the radius of diamond nanoparticle is a = 3 nm. 

Third calculated value tr = 2
0



 |f()|2(1 – cos)sind is the transport cross 

section of coherent elastic scattering of neutron on diamond nanoparticle. Denote 

1 = (2∕1)
0



 |f()|2cossind the mean cosine of the angle of coherent elastic 

scattering of neutron on nanoparticle. Then tr = 1(1 – 1). Results of precise 

calculations of value tr compared to calculations within Born approximation are 

presented in Table 3.1.  

Forth calculated value is the coefficient of reflection (albedo) R of neutrons from 

infinite half-space filled with monodispersed diamond nanopowder with the packing 

factor . The material is supposed to be macroscopically uniform, with the mean 

nanoparticle concentration equal N0 = 3∕4a3. We assume the structure of nanoparticle 

powder being disordered. Another half-space is vacuum. The neutron energy in vacuum 

is  = mv 2
0 ∕2; the distribution of neutron velocity directions v is uniform. The phase density 

of neutrons in vacuum is N(r, , v) = n0(4v2)−1(v  v0), where v = |v| is the value of 

neutron velocity in vacuum,  = v∕v is the ort of neutron velocity vector, n0 is the density 
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of neutron gas in vacuum. Neutrons move in material in the uniform mean field U = U0, 

experience multiple potential (coherent) scattering on powder nanoparticles, coherent and 

incoherent scattering on nuclei, they could be absorbed by matter, a fraction of neutrons 

returns back from material to vacuum (i.e. diffusively reflected) due to coherent and 

incoherent processes of multiple scattering on inhomogeneities of matter density. 

Neutron albedo is presented as a sum R = Rcoh + Rinc, where Rcoh is the coherent 

albedo of over-barrier reflection of neutrons from the uniform mean potential U; Rinc is 

the incoherent albedo of diffusive reflection of neutrons due to their multiple coherent 

and incoherent scattering on material inhomogeneities. Denote the total coefficient of 

passage of mono-energetic neutrons with energy U   from vacuum to material as D() 

= (4∕3){[2(1U∕)3/2  2 + 3U∕](∕U)2  U∕}, and get Rcoh() = 1  D(). The total albedo 

of incoherently reflected neutrons is Rinc() = D()(), where () is the albedo of 

incoherent (diffusive) reflection of neutrons from material calculated only for the fraction 

of neutrons penetrating from vacuum inside material [6]. In the diffusive approximation 

we get () = [1  ()]∕[1 + ()], where () = (4c∕3tr)
1/2; 

c() = nc(), c() is the cross section of absorption of neutron by nucleon. The 

macroscopic transport cross section of scattering accounting for medium density is 

tr() = c() + s + (1  )N0tr(), where s = ns, s is the cross section of elastic 

scattering of neutron on bound nucleus, tr() is the transport cross section of coherent 

elastic scattering of neutron on the nanoparticle optical potential. 

Finally we get: for   U, the neutron albedo from semi-infinite nano-dispersed 

material is R() = 1  D()[1  ()]; for   U we get R() = 1. Results of precise 

calculation of albedo R compared to that in Born approximation are presented in 

Table 3.1 for diamond nanopowder (no chemical impurities), the porosity is p = 0.9. 
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Table 3.1. 

Results of calculations in Born approximation in comparison with precise quantum 

mechanical calculations using the method of phase functions 

P
ar

ti
cl

e 

si
ze

 Calculated 

values 

Neutron energy , eV 

3 ·10–7 10–6 3 ·10–6 10–5 3 ·10–5 10–4 3  10–4 10–3 

a
 =

 2
 n

m
 

1, m2 

1.892  

10–20
 

1.793  

10–20
 

1.542  

10–20
 

9.449  

10–21
 

3.585  

10–21
 

1.112  

10–21
 

3.744  

10–22
 

1.127  

10–22
 

1.808  

10–20
 

1.718  

10–20
 

1.487  

10–20
 

9.284  

10–21
 

3.579  

10–21
 

1.111  

10–21
 

3.743  

10–22
 

1.127  

10–22
 

tr, m2 

1.877  

10—20
 

1.746  

10–20
 

1.419  

10–20
 

6.849  

10–21
 

1.148  

10–21
 

1.394  

10–22
 

1.926  

10–23
 

2.092  

10–24
 

1.793  

10–20 

1.672  

10–20 

1.368  

10–20 

6.726  

10–21 

1.151  

10–21 

1.393  

10–22 

1.925  

10–23 

2.092  

10–24 

R, rel.un. 
0.988 0.990 0.991 0.991 0.983 0.964 0.932 0.902 

0.987 0.990 0.991 0.991 0.983 0.964 0.932 0.902 

a
 =

 3
 n

m
 

1, m2 

2.094  

10–19
 

1.858  

10–19
 

1.340  

10–19
 

5.439  

10–20
 

1.872  

10–20
 

5.681  

10–21
 

1.901  

10–21
 

5.709  

10–22
 

1.898  

10–19
 

1.704  

10–19
 

1.266  

10–19
 

5.399  

10–20
 

1.869  

10–20
 

5.679  

10–21
 

1.900  

10–21
 

5.709  

10–22
 

tr, m2 

2.057  

10–19
 

1.748  

10–19
 

1.094  

10–19
 

2.313  

10–20
 

3.361  

10–21
 

3.792  

10–22
 

4.996  

10–23
 

5.276  

10–24
 

1.894  

10–19
 

1.500  

10–19
 

1.030  

10–19
 

2.320  

10–20
 

3.363  

10–21
 

3.789  

10–22
 

4.994  

10–23
 

5.275  

10–24
 

R, rel. un. 
0.993 0.994 0.994 0.991 0.981 0.960 0.925 0.897 

0.993 0.994 0.994 0.991 0.981 0.960 0.925 0.897 

a
 =

 5
 n

m
 

1, m2 

4.096  

10–18
 

2.975  

10–18
 

1.391  

10–18
 

4.328  

10–19
 

1.458  

10–19
 

4.398  

10–20
 

1.468  

10–20
 

4.407  

10–21
 

3.222  

10–18
 

2.515  

10–18
 

1.336  

10–18
 

4.300  

10–19
 

1.456  

10–19
 

4.397  

10–20
 

1.468  

10–20
 

4.406  

10–21
 

tr, 2 

3.894  

10–18
 

2.470  

10–18
 

6.964  

10–19
 

8.302  

10–20
 

1.104  

10–20
 

1.227  

10–21
 

1.590  

10–22
 

1.650  

10–23
 

3.050  

10–18
 

2.073  

10–18
 

6.831  

10–19
 

8.272  

10–20
 

1.101  

10–20
 

1.225  

10–21
 

1.589  

10–22
 

1.649  

10–23
 

R, rel.un. 
0.997 0.997 0.995 0.989 0.988 0.953 0.914 0.892 

0.996 0.996 0.995 0.989 0.988 0.953 0.914 0.892 

Note. Born approximation is marked with grey. 
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Comparative analysis of presented results of precise quantum mechanical 

calculations and those within Born approximation allows the following conclusions. 

Differential characteristics of neutron scattering on nanoparticle (the differential cross 

section of coherent elastic scattering) calculated within Born approximation deviate 

significantly from precise values in the explored range of neutron energies and sizes of 

diamond nanoparticles. Born approximation overestimates the probability of scattering to 

large angles. The accuracy of integral characteristics of scattering (total and transport 

cross sections, neutron albedo) calculated within Born approximation is acceptable for 

reliable quantitative estimations in the considered cases. The error in integral 

characteristics calculated within Born approximation decreases with increasing neutron 

energy and decreasing nanoparticle sizes. 

To increase the accuracy of model description of the interaction of CNs and VCNs 

with diamond nanopowders, we developed a computer program for numerical Monte 

Carlo simulations of propagation of neutrons with energies of interest through layers of 

nano-dispersed powders. The simulation of interaction of neutrons with nanopowders 

using the method of phase functions included precise quantum mechanical calculation of 

cross sections of coherent elastic scattering of neutrons on nanoparticles. Fig. 3.1.3 shows 

calculated albedo  of incoherent (diffusive) reflection of neutrons as a function of 

neutron velocity v in relative units for layers of piled up diamond nanopowder of different 

thickness. The value of diamond critical velocity is vR = (2U0∕m)1/2 = 7.64 m/s. To 

calculate each data point (v) in the figure, we simulated 104 events (neutron trajectories). 

Incoherent reflection of neutrons from a nanopowder layer is due to multiple potential 

(coherent) uncorrelated scattering of neutrons on powder nanoparticles that accompanies 

motion (diffusion) of neutrons in the layer and due to resulting escape of neutrons from 

the layer back to vacuum. The simulation is performed for monodispersed diamond 

powder with particle radii of 2.5 nm. The piled up density of diamond nanopowder was 

equal 0.35 g∕cm3. Nanoparticles are composed of carbon atoms without impurities of other 

chemical elements. 
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Fig. 3.1.3. Calculated values of albedo  as a function of neutron velocity (in relative 

units) for layers of monodispersed diamond nanopowder. The piled up density of 

material is 0.35 g∕cm3; а = 2.5 nm; vR = 7.64 m/s. The thickness of nanopowder layers 

is: 1 mm (1), 3 mm (2), 1 cm (3), 3 cm (4), 10 cm (5), 30 cm (6), 1 м (7). 

Nanoparticles are composed of pure carbon. 

We note that efficient algorithms for precise quantum mechanical calculations have 

advantages in numerical simulations of realistic objects over approximating methods that 

require comparable efforts. 

3.2. Determination of random values of neutron scattering angles 

Algorithms for generation of random numbers with a specific distribution are well 

known and described in details in works devoted to Monte Carlo numerical methods [96], 

[97], [98], [99], [100]. Let us discuss the most common algorithm for simulation of 

continuous random values of neutron scattering angles   within the Born approximation 

[101]. 

The function 𝐹(𝜃) is described as a distribution function of a random value 𝜉, 

which determines the probability that a random value of 𝜉 will not exceed the specified 

value 𝜃: 
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𝐹(𝜃) = 𝑃{𝜉 ≤ 𝜃} = ∫ 𝑓(𝑡)

𝜃

−∞

𝑑𝑡. 

Then the random value 𝜉, which satisfies the equation 𝐹(𝜉) = 𝜏, will have the distribution 

density 𝑓(𝜃). Here, 𝜏 is a random value, uniformly distributed within a range of 0 to 1 

[97]. 

The standard algorithm of the inverse distribution method is applicable. For 

numerical modeling of the sampled value 𝜉 ∈ [𝑎, 𝑏], the following formula is used: 

𝜉 = 𝐺(𝜏), 

where 𝜏 is a uniformly distributed random number within the interval [0, 1]; 𝐺(𝜏) is the 

inverse function in relation to function 𝜏 = 𝐹(𝜉). 

For modeling neutron scattering on a spherical diamond nanoparticle in the Born 

approximation, 𝐹(𝜃) is determined as follows: 

𝐹(𝜃) =
1

𝜎𝑠
𝐵

∫ 𝑑𝜎𝑠
𝐵

𝜃

0

=
1

𝜎𝑠
𝐵

∫ 2𝜋 sin 𝑡 |𝑓𝐵(𝜃)|2𝑑𝑡

𝜃

0

, 

where 𝜎𝑠
𝐵 is the total cross-section of coherent elastic neutron scattering on a single 

nanoparticle in the Born approximation, 𝑑𝜎𝑠
𝐵 is the differential cross-section of coherent 

elastic neutron scattering in direction to scattering angle t  in the Born approximation; 

𝑓𝐵(𝜃) is the scattering amplitude in the Born approximation. 

A momentum transmitted by a nanoparticle at coherent elastic scattering [101]: 

𝒒 = 𝒌′ − 𝒌; 𝑞 = 2𝑘 sin(𝑡/2), 

where 𝑡 is the scattering angle. 

The amplitude of coherent elastic neutron scattering to angle 𝑡 on a single spherical 

diamond nanoparticle with the radius 𝑟 in the Born approximation is determined as 

follows: 

𝑓𝐵(𝑡) = −
2𝑚

ℏ2
∫ 𝑈(𝑟)

∞

0

∙
sin(𝑞𝑟)

𝑞
∙ 𝑟 ∙ 𝑑𝑟. 
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where 𝑚 is the mass of neutron, ℏ is the Planck constant, and 𝑈(𝑟) is the 

neutron/nanoparticle interaction potential: 

0
,0

( )
0,

U r a
U r

r a

 
 


 , 

where 𝑎 is the radius of a uniform diamond nanoparticle, 
2 7

0
(2 / )  ~10U m nb   eV, 

n  is the atomic (nuclear) density of diamond nanoparticle matter, 𝑏 is the coherent 

amplitude of bound-atom neutron scattering [72]. The diamond optical potential is 

𝑈0 = 305 neV. 

Let us introduce the following notation  2 sin / 2x ka   . After calculations, we 

obtain: 

𝐹(𝜃) =
2𝜋

𝜎𝑠
𝐵

1

𝑘2
(

𝑚𝑈0𝑎2

ℏ2
)

2

[1 −
1

𝑥2
+

sin 2𝑥

𝑥3
−

sin2 𝑥

𝑥4
]. 

The total cross-section of coherent elastic neutron scattering on a single diamond 

nanoparticle in the Born approximation [9] is: 

𝜎𝑠
𝐵 =

2𝜋

𝑘2
(

𝑚𝑈0𝑎2

ℏ2
)

2

[1 −
1

(2𝑘𝑎)2
+

sin 4𝑘𝑎

(2𝑘𝑎)3
−

sin2 2𝑘𝑎

(2𝑘𝑎)4
]. 

Let us set: 

Φ(𝑘) = [1 −
1

(2𝑘𝑎)2
+

sin 4𝑘𝑎

(2𝑘𝑎)3
−

sin2 2𝑘𝑎

(2𝑘𝑎)4
]

−1

, 

Π(𝑥) = [1 −
1

𝑥2
+

sin 2𝑥

𝑥3
−

sin2 𝑥

𝑥4
], 

𝐹(𝜃) = Φ(𝑘) ∙ Π(𝑥). 

Let us define a new random value 𝜇 by relation 𝜇 = cos 𝜃. 

Using the following transformations: 

cos 𝜃 = 1 − 2 sin2(𝜃/2) , sin2(𝜃/2) = √(1 − cos 𝜃)/2 = √(1 − 𝜇)/2 

we get the following formula for Π(𝜇): 

Π(𝜇) = 1 −
1

2(𝑘𝑎)2(1−𝜇)
[1 −

1

𝑘𝑎√2(1−𝜇)
(sin(2𝑘𝑎√2(1 − 𝜇)) −

sin2(𝑘𝑎√2(1−𝜇))

𝑘𝑎√2(1−𝜇)
)]. 
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The distribution function for the random value 𝜇 within [-1,1] will appear as: 

𝐹(𝜇) = 1 − Φ(𝑘) ∙ Π(𝜇). 

𝐹(𝜇) varies from 0 to 1 with variations of the random value 𝜇 from -1 to 1. 

Thus, modeling of 𝜇 = 𝐺(𝜏) will let us receive a random scattering angle cosine 

𝜇 = cos 𝜃, which will have the distribution function 𝐹(𝜇). 

Taking into account a shell, the neutron interaction potential for a spherical 

diamond nanoparticle model will appear as:  

,0

( ) ,

0,

C C

S C

U r R

U r U R r R

r R

 


  
 

, 

where 𝑅𝑐 is the radius of the nanoparticle diamond core, 𝑅 = 𝑅𝑐 + ℎ is the nanodiamond 

radius considering the shell with thickness ℎ, 𝑈𝑐 is the diamond core potential; 𝑈𝑠 is the 

nanodiamond shell potential. Solution of the equation 𝐹(𝜉) = 𝜏 for a more complicated 

potential form can be obtained numerically. 

Software implementation of the described numerical modeling algorithm included 

compilation of detailed tables of values for inverse functions 𝐺(𝑦), 0 < 𝑦 < 1. Using 

linear interpolation, the equation 𝜇 = 𝐺(𝜏) was solved. 

The range of values 𝜇 ∈ [−1, 1] was divided in N equal parts 𝜇0, 𝜇1, 𝜇2, … , 𝜇𝑁, 

where 𝜇0 = −1, 𝜇1 = 𝜇0 + ∆𝜇, ∆𝜇 = 2/𝑁, 𝜇𝑁 = 1. The sequence of corresponding 

values of the distribution function 𝐹(𝜇0), 𝐹(𝜇1), … , 𝐹(𝜇𝑁) was obtained. Then the value 

of the random variable 𝜏, uniformly distributed within [0, 1], was generated. Such a value 

of 𝑗 was found that 𝐹(𝜇𝑗−1) ≤ 𝜏 ≤ 𝐹(𝜇𝑗). 

Using linear interpolation, we obtained the value of 𝜇𝜏, angle cosine, corresponding 

to the value 𝐹(𝜇𝜏) = 𝜏: 

𝜇𝜏 = 𝜇𝑗−1 + [𝜏 − 𝐹(𝜇𝑗−1)]𝑇𝑗, 

where 𝑇𝑗 = (𝜇𝑗 − 𝜇𝑗−1)/[𝐹(𝜇𝑗) − 𝐹(𝜇𝑗−1)]. 
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3.3. Conversion of spherical coordinate system and free-path simulation 

At simulating the passage of neutrons through nanodispersed powders, after each 

action of neutron scattering in the material there are implemented successive conversions 

of coordinates from the local coordinate system x y z    into the laboratory coordinate 

system XYZ . The latter is fixedly related to the material plate. After each action of 

neutron scattering a local system of coordinates x y z    is shaped in the material. The start 

of coordinates coincides with the point of neutron interaction with the material, and the 

axis z  of the local coordinate system is directed to the neutron movement after scattering 

at the given point towards the free path. The local coordinate system serves for the goals 

characterizing the neutron scattering in the current coordinate system at every point of 

interaction. 

Fig. 3.3.1. Neutron scattering at the point 1r  in 

the laboratory system of coordinates XYZ . 

 0 0 0, ,x y z  – the point of neutron fall on the 

plate; 1  – a new direction of neutron 

movement after scattering at the point 1r . 

 

Let’s outline an algorithm of neutron distribution in nanopowder, starting from the 

entry into the material, as well as show the relation between the local and laboratory 

coordinate systems. 

(   

L 

X 

Y 
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And now let’s examine the plate from nanodispersed material with a thickness L . 

Let the neutron fall by normal on the material border 2z L /  towards the axis Z  of the 

laboratory coordinate system. We are generating random length of neutron free-path 1l

before the interaction in the material. 

The distribution function 1l  has the form of [102], [98], [96], [97], [103], [104]: 

 ( ) 1 expF x x    ; 0 x  , 

in which   – total macroscopic cross-section of the neutron interaction with the material. 

We define the length of neutron free path 1l explicitly using the inverse function 

method: 

 1 1 / lnl      , 

in which   – the random value, equally distributed in the interval [0, 1].  

In this way, the coordinates of the point 1r  of the first neutron interaction in the 

material are determined in the laboratory system of coordinates XYZ :  

 1 0 0 1, , / 2r x y L l    

We test the point 1r  at affiliation to the area of space occupied by a material. If the point 

1r  is in the material, we act out a kind of neutron interaction with nanoparticle in the point

1r . Probability of the i-type neutron interaction with the nanoparticle is defined by the 

correlation /i

iP   , где 
i  – microscopic cross-section of the i-type interaction;   – 

total microscopic cross-section of the neutron interaction with the nanoparticle. 

In case the neutron absorption isn’t implemented, the direction of coherent elastic 

scattering 1  is acted out in the local coordinate system x y z   : 

1 1 1 1 1 1sin cos sin sin cosi j k                   

Here 1  , 1  – polar and azimuth scattering angles. The angle value 1  is equally 

distributed in the interval [0, 2]. The algorithm of acting out 1
cos   is defined in the 

section 3.2 of the thesis. 
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Next, we act out random length of the neutron free path 2l  towards the scattering

1 : 2 2 1
l l   . The transition from local to laboratory coordinate system is defined by 

conversion [9], [102], [98], [96]: 

 

cos cos sin cos sin

sin cos cos sin sin

sin 0 cos

x a

y b x y z

z c

    

    

 

     
          
     
     
     

  , 

 ,   – direction of the neutron movement after the scattering with regard to the 

laboratory coordinate system;  , ,a b c  – coordinate shifting in the laboratory system with 

respect to the previous point of the neutron scattering in the material. 

The coordinates of the next point  2 2 2 2, ,r x y z of the neutron interaction in 

material in the laboratory coordinate system XYZ  at the first step of simulation are 

identified at values   1, , ra b c  ; 
1 0   , 

1 0   (from the condition of normal fall 

on the plate): 

2 1 2 1 1

2 1 2 1 1

2 1 2 1

sin cos

sin sin

cos

x x l

y y l

z z l

 

 



  


  
  

 

We review the 
2

r interaction point for affiliation of the area field under 

examination. If neutron is in nanopowder, we define the scattering vector 
1  in the 

laboratory coordinate system. In general it is recorded as following: 

1 1x 1y 1zi j k           , 

where 

1x 1 1 1 1 1 1 1 1 1 1

1y 1 1 1 1 1 1 1 1 1 1

1z 1 1 1 1 1

sin cos cos cos sin sin sin cos sin cos

sin cos cos sin sin sin cos cos sin sin

sin cos sin cos cos

         

         

    







          
           
   
         

. 

Here the angles
1 , 

1  already refer to the previous scattering vector in the laboratory 

coordinate system. At the first step of simulation of neutron distribution in material the 

scattering vector 
1  in the laboratory coordinate system is as following: 

1 1
1 1 1 1 1 10, 0

sin cos sin sin cosi j k
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Representing in the laboratory coordinate system the direction of the neutron 

movement 
1  in material after scattering (towards the free path), we obtain a new 

direction 
2 1   of the neutron movement in material by the moment of interaction at 

the next point
2

r . 

We lead the axis z  of the new local coordinate system in the direction of the 

scattering 
2 , related in the laboratory coordinate system with the angles

1 , 
1  of the 

previous neutron scattering in material.  For this purpose we identify new values for the 

angles
2  , 

2  : 

2 1arccos( )z   , 
1 1 1

2

1 1 1

arctan( / ), 0

arctan( / ), 0

y x y

y x y




     
 

      
  

In this way, we find orientation of axes of the new local coordinate system, the 

basis vectors of which at the first step of simulation are as follows: 

 
2 2 2 2 2 2

2 2 2 2 2 2

2 2 2

cos cos sin sin cos

cos sin cos sin sin

sin 0 cos

i

j i j k

k

    

    

 

    
      
   
      

 

The next step of simulation in analogy we start by acting out the type of interaction 

with nanoparticle in the point
2

r . In case the neutron isn’t absorbed, we generate the 

scattering angles
2 , 2  and the length of neutron free path 

3l  in material towards 

2 3    in the local coordinate system. We gain the next point 
3

r  of the neutron 

interaction with nanoparticle in both local and laboratory coordinate systems. Then, we 

determine the direction of neutron scattering 
3 in the laboratory coordinate system. 

Afterwards, we develop a new local coordinate system in the next point of interaction
3

r . 

The cyclical realization of algorithm continues until the neutron is absorbed in the 

nanodispersed medium or quits its ranges. 
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CHAPTER 4. ANALYSIS OF RESULTS OF NUMERIICAL CALCULATIONS 

AND COMPARISON WITH EXPERIMENTAL DATA 

4.1. Reflection and passage of low-energy neutrons through thin layers of 

nanodiamond powder 

In the work [14] there have been carried out measurements on the passage of slow 

neutrons with different energy through the plate of diamond nanopowder 

«ultradiamond90» of diverse thickness. 

The comparison of experimental data with the calculation results has been realized. 

The calculations have been made using developed software complex [36], [37]. The 

quantitative model, developed in the current thesis, is based on the computed model. 

In the experiment around the sample12 detectors are installed. These detectors have 

produced a geometrically right polygon (dodecagon) and covered ≈ 45% of the total solid 

angle. 

 

Fig. 4.0. The layout of the plate, detectors 

and their numeration. 

The pointer indicates the direction of 

falling of the neutron beam normally to 

the plate surface. The plate with the 

diamond nanopowder is in the centre. 

The data from the detectors №№ 3, 6, 9, 

12 have never been considered in the 

results of all the implemented 

measurements. 

 

Figure 4.1 shows the results of simulation modeling of the low-energy neutron 

beam interaction, falling by normal to the sample surface of the diamond nanopowder 
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«ultradiamond90» with a thickness of 0.2 mm. The simulation results are presented as 

compared with the experimentally measured data, as well as with the calculated model of 

isolated nanoparticles without shell applied in [14]. 

Primarily, for the motivation of accounting necessity in the nanoparticle model of 

impurity shell we have completed the nanoparticle model, applied in the work [14]. The 

correlations of the elemental content of nanopowder (for the impurity shell substances) 

have been adjusted in the model; two-phase potential form of the “core-shell” interaction 

with neutron has been adopted; monodispersed powder has possessed an average radius 

of the diamond core 2.5 nm and an average size of the nanoparticle impurity shell 0.6 nm. 

Consideration of the items mentioned above allowed to outline thoroughly the 

probability of neutron reflection from the sample for small velocities compared with the 

theoretical calculations based on the model from [14]. Conclusion: the matter of the 

nanoparticle impurity shell is necessary for a correct statement of experiment results. 

The results of calculations of the neutron hit to detectors are shown in Figure 4.2 

and Figure 4.3. 
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Fig. 4.1. Comparison of possibilities of neutron reflection and passage in accordance 

with the velocityv . The sample thickness is 0.2 mm.  

The red colour stands for the data pointing out the neutron passage to the front semisphere. 

The black colour stands for the data pointing out the neutron passage to the back semisphere. 

Points – experimental data [14]. 

- - - - - – calculation by the model of isolated particle without shell from the work [14]. 

– our calculation by the model of isolated particle with impurity shell. 
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Fig. 4.2. Results of numerical simulation. The neutron velocity – 30 m/sec. 

 

Fig. 4.3. Results of numerical simulation. The neutron velocity – 160 m/sec. 

Explanatory note to figures. The results of calculations of neutron passage through the diamond nanopowder. Points – the 

calculated position of neutron entry into detectors. The calculation method - numerical simulation modeling by the Monte Carlo 

method. The experiment of the work has been simulated [14]. The thickness of the diamond nanopowder layer is 0.2 mm. 
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Fig. 4.4 shows the results of numeric calculations on Model No. 1 and Model No. 2. 

Model No. 1 is a model of isolated diamond nanoparticles; it is described in the 

work [14]. The monodispersed powder of spherical particles of radius 2.5a   nm, bulk 

density of the nanopowder 0.6 g/cm3. 

Model No. 2 is a qualitative model developed in the thesis taking into account the 

effects of the medium density. The distribution of particle sizes, stated by the diamond 

nanopowder «ultradiamond90» manufacturer, has been used. The cross-sections of 

elastic coherent neutron scattering on nanoparticles have been calculated by the Born 

equation. 

The chemical content of diamond nanoparticles [16]: the diamond core of 

nanoparticle – 72.25 wt. %; the remaining carbon (crystal and amorphous forms) – 18.06 

mass. %; oxygen – 4.18 wt. %; hydrogen – 1.02 wt. %; nitrogen – 3.24 wt. %; fireproof 

impurities – 1.25 wt. %. 

Indestructible (primary) agglomerate from nanoparticles possesses typical sizes 

2 100 200d  nm and the packaging density of nanoparticle 1 . 

The parameters of the diamond nanopowder in the Model No. 2: bulk density of 

the nanopowder 0 6bulk .   g/cm3; a concentration of diamond nanoparticles in the 

powder 
2

0

42 37 10N .   m-3; the packaging coefficient of diamond nanoparticles in the 

powder in total 0 209.  ; the thickness of impurity shell 0 5h . nm; the substance 

density of impurity shell 1 6shell .   g/cm3. The calculation of parameters 0N  and   is 

marked out in the section 2.4. 

Calculation on the Model No. 2 has been produced for four different values

1 0 523.  ; 0.569 ; 0.625 ; 0.682 . The most satisfactory acceptance with the results of 

experiments is reached for 1 0 523.  . 

Calculations on the Model No. 1 give less satisfactory consent for the results of 

experiments and can hardly significantly improve. 

Figure 4.4 (curve 5) represents the results of our calculations on Model No. 1 with 

the data of the work [14], which completely matched with the authors’ calculations. 
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Graphs of angular features of monoenergetic neutron beam scattering are shown in 

Figure 4.5 and Figure 4.6. Neutron velocities 35v   and 160v   m/sec accordingly. The 

results of numerical simulation were gained with the application of Model No. 2. The 

relative part of neutrons fallen into the detector is /D D BN N  , in which 
DN  is the 

number of neutrons fallen into the detector, 
BN  is the number of neutrons fallen onto the 

beam sample. 

The plate thickness of the diamond nanopowder «ultradiamond90»: 2h  mm. The 

calculated packaging coefficients of nanoparticles in the primary agglomerate: 
1 0 523. 

(a), 
1 0 569.   (b), 

1 0 625.   (c), 
1 0 682.   (d). The calculation 

1  is realized by the 

distribution function of particle in the sizes ( )f r , indicated by the manufacturer. The 

calculation method is outlined in the section 2.4 of the thesis. 
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Fig. 4.4. Comparison of probabilities   of neutron reflection (in black colour) and 

passage (in red colour) in relation with the velocity v  (the wave length  ) 

Explanatory note to Figure 4.4. The sample thickness is 0.4 mm. The round points – 

experimental data [14] (the green colour – reflection; the red colour – passage). The 

curved 1-4 obtained at various value of packaging coefficient 1  of diamond nanoparticles 

in nondestructive agglomerate: 1 – 1 0.523  ; 2 – 1 0.569  ; 3 – 1 0.625  ; 4 – 

1 0.682.   The curved 5 – the numerical calculation for the model of isolated 

nanoparticles [14] (Model No. 1). 
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Fig. 4.5. Dependence of the part of scattered neutrons D , fallen into detectors, shown in 

the scheme of Figure 4.0 (from the scattering angle). 

The neutron velocity 35v   m/sec. The black round points – simulation. The red square 

points – experiment [14]. The nanopowder plate thickness «ultradiamond90» – 2 mm 

1 0.523   (a); 1 0.569   (b); 1 0.625   (c); 1 0.682   (d). 
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Fig. 4.6. Dependence of the part of scattered neutrons D , fallen into detectors, shown in 

the scheme of Figure 4.0 (from the scattering angle). 

The neutron velocity 160v  m/sec. The black round points – simulation. The red square 

points – experiment [14]. The nanopowder plate thickness «ultradiamond90» – 2 mm

1 0.523   (a); 1 0.569   (b); 1 0.625   (c); 1 0.682   (d). 
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Figure 4.7 presents the experiment data [14] on the neutron reflection and passage 

through the diamond nanopower «ultradiamond90» layer with a thickness of 0.4 mm. 

The numerical calculations have been carried out in relation with Model No. 2. The 

distribution of diamond nanoparticles in the sizes ( )f r  has been approximated by 

exponential-power distribution law (see Formula (2.4.1) and Figure 2.4.1). The thickness 

of the impurity shell is 0.5h  nm. The shell substance 

density – 1 6shell .   g/cm3. The approximation parameters are defined in accordance with 

the section 2.4. At average radius value 1 8meanR .  nm we have: 21 33A .  nm -6.55; 

5 55.  ; 3 80.   nm -1; 
24

0 3 58 10N .   m-3. The simulation accuracy is less than the 

sizes of respective points on the graph. 

Parameters of the diamond nanopowder model: nanopowder bulk density 

0 6bulk .   g/cm3; packaging coefficient of diamond nanoparticles in powder in total

0 2274.  ; packaging coefficient of nanoparticles in the primary agglomerate 

1 0 691. .   

The calculation of parameters has been realized in relation with the method in the 

section 2.4 for the distribution function of nanoparticles in sizes ( )f r  (2.4.1). 

As it is shown in Figure 4.7, the function of ( )f r  kind (2.4.1) on the whole 

satisfactorily describes the data of experiments [14]. The variation of parameter 
1  

provides opportunities for the optimization of results. 
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Fig. 4.7. Comparison of probabilities   of neutron reflection (green round points) and 

passage (red round points) in relation with the velocity v  (the wave length  ) 

Thickness of the nanopowder plate – 0.4mm. The round points – experimental data. The 

square points - results of simulation modeling (the black squares – neutron reflection in 

detectors of the back semisphere; the red squares – neutron passage in detectors of the 

front semisphere. 
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4.2. Low-energy neutron reflection and passage through thick layers of 

nanodiamond powder 

Figure 4.8 and Figure 4.9 represent the data of experiments on slow neutron 

reflection and passage through layers of different thickness of the diamond nanopowder 

«ultradiamond90» of various thickness. The numerical calculations have been realized at 

quantitative Model No. 2. The distribution of nanopartiocles in sizes ( )f r  has been used,  

provided by the manufacturer of the diamond nanopowder [15]. 

In our Model No. 2, the “remove” of neutrons from monoenergetic spectrum at the 

expense of heating and incoherent processes hasn’t been taken into account) the neutron 

absorption has been taken into account in calculations). For thick samples, the remove 

processes of neutrons can make a significant contribution to the changes of measured 

results. 

The calculation have been implemented for values 
1 0.523  ; 

1 0.569  ; 

1 0.682  ; 1 0.682   of packaging coefficient of nanoparticles in nondestructible 

(primary) agglomerate with a size of 
2 100 200d   nm. The variation existence in 

calculation and experimental data at thicknesses of diamond nanopowder plate is shown 

in Figure 4.8 and Figure 4.9 by 2 mm and 6mm relatively. 

With the increase of neutron velocity, the contribution of coherent elastic scattering 

on nanoparticles in a complete cross-section of neutron interaction with nanopowder 

decreases  4v  much faster than the contribution of inelastic processes  1v . 

The neutron scattering cross-section 
S with a wave length 0.44  nm on 

hydrogen nuclei in diamond nanopowder is measured experimentally in the work [105]. 

Value (108 2)s    barn has been obtained which slightly varies with the temperature. 

Let’s suggest that the low neutron interaction with the hydrogen leads to the 

“remove” of the current neutron from the monoenergetic spectrum. 
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The constant empirical parameter (108 2)s    barn that accounts for the neutrons 

escape was borrowed from the work [105] and was introduced into our Model No. 2 for 

the interaction of slow neutrons with diamond nanopowder. Without changing any other 

parameters in Model No. 2, new numerical calculations were performed to define the 

neutron propagation in diamond nanopowder, takinng into account the introduced 

constant parameter 
s . The calculation results are shown in curve 1 in Figures 4.8 and 

4.9. The presented results correspond to the value 
1 0.682  . Calculations for other 

values of 
1  differ negligeably. 

Parameters of Model No. 2 are the following: the bulk density of nanopowder 

0 6bulk .   g/cm3; the concentration of diamond nanoparticles in the powder as a whole 

2

0

42 37 10N .   m-3; the packing index of diamond nanoparticles in powder 0 209.  ; 

the thickness of the impurity shell 0 5h .  nm; the density of the impurity shell 1 6shell .   

g/cm3. 

A comparison of Figures 4.8 and 4.9 shows that the introduction of the empirical 

parameter 
s , measured in the work [105], significantly improved the alignment of the 

experimental results from the work [14] with the numerical calculations results under 

Model No. 2 in the covered neutron energy range for thick layers of nanopowders of 2 

mm and 6 mm. 

New calculations were carried out under Model No. 2 with the introduced empirical 

parameter of the neutrons escape 
s  for thin layers of diamond nanopowder 0.2 mm and 

0.4 mm. The calculation results for thin layers with the parameter 
s  almost do not differ 

from the results of previous calculations without the parameter 
s . 
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Fig. 4.8. Comparison of the probability   of reflection (round green dots) and the 

passage (round red dots) of neutrons as a function of velocity v  (wavelength  ). 

The sample thickness is 2 mm. Round dots are experimental data [14]. 

Curve 1 is numerical calculation with allowance for the empirical parameter 
s  of the 

neutrons escape. For calculated curves 2–5, the values of the packing index 1  of 

diamond nanoparticles in the primary agglomerate are the following:  

2 – 1 0.523  ; 3 – 1 0.569  ; 4 – 1 0.625  ; 5 – 1 0.682  . 
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Fig. 4.9.  

Comparison of the probability   of reflection (round green dots) and the passage (round 

red dots) of neutrons as a function of velocity v  (wavelength  ). 

The sample thickness is 6 mm. Round dots are experimental data [14]. 

Curve 1 is numerical calculation with allowance for the empirical parameter 
s  of the 

neutrons escape. For the calculated curves 2–5, the values of the packing index 1  of 

diamond nanoparticles in the primary agglomerate are the following: 

2 – 1 0.523  ; 3 – 1 0.569  ; 4 – 1 0.625  ; 5 – 1 0.682  . 
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4.3. The “quasi-specular” reflection of cold and very cold neutrons from a 

fluorinated sample of diamond nanopowder 

The detonation diamond nanopowder is subjected to technological treatment by 

deep fluorination [35]. As a result of processing, almost all of the hydrogen is removed 

from the nanopowder, and the surface impurity shell is removed from the individual 

nanoparticles. The size of diamond nuclei of nanoparticles remain unchanged (average 

size ~ 4.3 nm). The surface of diamond nuclei is covered with a thin layer of fluorine 

atoms approximately one atom thick. The hydrogen content in diamond nanoparticles 

is ~ 0.2 at. %, which is 35–60 times less than before the fluorination process. The bulk 

density of diamond nanopowder after fluorination almost did not change: 0.29–0.30 g/cm3 

[35]. 

Figures 4.10 and 4.11 show the dependence of neutron scattering probability   by 

the surface of a fluorinated diamond nanopowder [35]. The individual dots on the graphs 

show the results of numerical calculations. 

The scale of structural agglomerations of nanoparticles in fluorinated diamond 

nanopowder has not been studied. To be specific, let us assume the spatial scale 

homogeneity of the fluorinated nanopowder. The packing index of a fluorinated scale-

homogeneous nanopowder (F-powder) as a whole is 0.086hom  . 

The size distribution function ( )f r  of diamond nanoparticles nuclei was defined 

in the course of experiments on the neutrons passage through the thin layers of 

F-nanopowder. The function ( )f r  is shown in Figure 4.12. 

Figure 4.10 shows that at a neutron wavelength 1.1   nm neutrons interact with 

the F-nanopowder mainly through elastic coherent scattering by nanoparticles. For 

1.1   nm, the main mechanism of neutron interaction with the F-nanopowder changes. 

In the thesis, we consider mainly the elastic coherent scattering of neutrons by 

nanoparticles. Therefore, we shall further consider the scattering of neutrons with a 

wavelength of 1.1   nm. 
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Table 4.1 shows the ratios /exp calc   , where exp  and 
calc  are experimentally 

measured [35] and calculated values of the neutron scattering probability   for the graph 

data of Figure 4.10. Table 4.1 shows that the value   is almost constant. That is, there is 

a systematic error in calculating the values of 
calc . 

Calculations by direct simulation have shown that the neutrons reflection from the 

F-nanopowder surface is carried out in the neutron diffusion mode in the F-nanopowder 

layer with the subsequent escape of neutrons. The probability of neutron reflection   is 

determined by the neutron transport cross section in the nanopowder. For loose 

F-nanopowder, the transport cross section of neutrons is determined by formula (2.1.48): 

 1 2 2

0 01eff

tr trN a k U           . 

The analysis shows that the systematic error in the calculation of 
calc  is mostly 

due to the incorrect identification of the F-nanopowder packing index. 

The assumption of F-nanopowder's spatial scale homogeneity is not justified. It is 

possible to assume that F-nanopowder nanoparticles form agglomerations with a packing 

index 
( )

1

F , similar to the structural agglomeration of a detonation diamond nanopowder 

that has not undergone fluorination. 

In view of this observation, the calculated values 
calc  were renormalized by the 

value  . Figure 4.11 shows the dependency of 
calc  renormalized by the value   and 

exp  on the neutron wavelength .  
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Table 4.1. 

Wavelength 

λ, Å 

Ratio /exp calc    

Average value Incidence 

angle  

1    

Incidence 

angle  

2    

Incidence 

angle  

3    

11.4 0.895 0.902 0.878 0.892 

12.1 0.897 0.848 0.874 0.873 

12.8 0.865 0.861 0.862 0.863 

13.5 0.870 0.828 0.856 0.851 

14.2 0.887 0.834 0.845 0.856 

14.9 0.874 0.813 0.827 0.838 

Average 

value 
0.881 0.848 0.857 — 

Total average value 0.862  . 
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Fig. 4.10. Probabilities of neutron scattering into the detector from the surface of a 

fluorinated diamond nanopowder. 

A neutron beam strikes the surface of the nanopowder at a sliding angles of 1° (1), 

2° (2), 3° (3). The target points are 1° (4), 2° (5), 3° (6). 

The neutron wavelength is   in Å. 
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Fig. 4.11. The probability of neutron scattering into the detector from the surface of a 

fluorinated diamond nanopowder. 

The neutron wavelength is   in Å. See notes in 4.10. The target points 
calc  1° (4), 

2° (5), 3° (6) are renormalized by the index 0.862  . 
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Fig. 4.12. Function of the distribution of diamond nuclei nanoparticles radii of 

fluorinated diamond nanopowder, r  in nm. 
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CONCLUSION 

In this thesis we studied the peculiarities of interaction and propagation of low-

energy neutrons in nano-dispersed media. 

In chapter 2 we suggested a neutron transfer equation in diamond nanopowders, 

which takes into account the internal small-scale material structure and coherent and 

incoherent processes of interaction between low-energy neutrons and nanopowder 

material. We defined the boundary conditions for the neutron transfer equation in the 

diffusion approximation. Additionally, we used the variation method to suggest an 

analytical solution for the transfer equation, which accounts for the absorption in the 

small-angle scattering approximation. We proposed and justified the low-energy neutron 

interaction model with diamond nanopowder, taking into account the features of the 

nanopowder structure, and the features of the coherent and incoherent interaction between 

neutrons and nanopowders. 

In chapter 3 the algorithm was designed and a set of computer programs was 

implemented to calculate the interaction and propagation of neutrons in diamond 

nanopowders, taking into account the features of the nanopowder structure, diamond 

nanoparticles and the processes of coherent and incoherent interaction of neutrons with 

nanopowders. 

In chapter 4 theoretical numerical calculations were conducted with the proposed 

model for the interaction of low-energy neutrons with diamond nanopowders, and the 

calculation results were compared with experimental results 
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