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(This is a working document in which we write the basic equations and algorithms needed for the
project)

(Some pictures and formulae — sections 2, 3 and 4 — presented in the document have been taken from the
manual of D10 by Garry Mclintyre, that are also a simplified summary of the first part of the W.R.
Busing and H.A. Levy article at Acta Cryst (1967) 22, 457. We follow the same conventions at those
adopted in the manual of D10)

1: Simulation of single crystal data collection with 2D detectors

The purpose of the project is to write a general program (based on CrysFML) in which a visualisation of
the diffraction pattern is obtained dynamically by manually orienting a crystal (using a 4C orienting
device or another kind of cradle) through dials controlling the values of the orienting angles.

The single crystal diffraction pattern can be taken with monochromatic or white radiation. The crystal
structure is considered to be known.

Steps

- Define completely the geometry: use the instrument structure of CrysFML.

- Define the limiting wavelengths as well as the incident spectrum in order to calculate properly
the intensities

- Read the crystal structure and calculate structure factors and indices of all reflections contained
in the volume of a sphere of radius equal to 2/ Amin.

- Read the position of the detector: (o, vp) of the flat detector centre, or »» of the highest angle for
a banana detector. It is supposed that the dimensions of the detector surfaces are known. In the
case of a banana one needs to know the angular span of the horizontally curved detector and the
detector height. From this information one has to deduce the (jmin, 7max) @nd (Vinin, Vinax)

- Given an orientation matrix of the crystal (or orienting manually the crystal through three angles
(s @y, #) fixing the crystal in the goniometric device: three dials can be created for this purpose.
The value of the angles determines the orientation matrix. It is supposed that the initial position
of the crystal has its Cartesian frame coincident with the fixed laboratory frame) and particular
values of the orienting angles (w,y,¢) calculate the z, vectors of all possible accessible
reflections (d* up to 2/ Amin)

sin y cosv
z,=(1/4)|cosycosv-1|=Q-X-®-z,
siny



- Given the position of the 2D detector calculate all s;; vectors (unitary vectors along the
diffracted beams)

S, =4z, +5,
- Determine the interception of the diffracted beam with the surface of the 2D detector calculating

the coordinates and the intensity
- Make a picture of the detecting surface with all the visible spots

2: Diffractometer angles

The conventions of Busing and Levy (1967) are followed closely, but not in every detail. Much of this
section has been extracted from their paper.

The instrument arrangement is illustrated schematically in Fig 1, which shows the instrument axis as
vertical. Perpendicular to this axis, and passing through the instrument centre is the horizontal
equatorial plane. The incident beam lies in this plane, and is directed at the sample, which is situated at
the instrument centre. The detector rotates about the instrument axis to make an angle in the horizontal
plane vy, with the incident-beam direction. The crystal goniometer (an Eulerian cradle or a tilt
goniometer) can be rotated independently about the same axis. Thus the y axis, which lies in the
equatorial plane, is positioned to make an angle ® with the incident-beam direction. The ¢ shaft is
supported by the x ring which permits the ¢ axis to be set at an angle y from the vertical axis. The
sample is assumed to be attached to the ¢ shaft so that it can be turned about this axis by an angle ¢.

instrument
axis

incident
beam,/” —_ |

Figure 1

The diffractometer with all angles set to zero is shown schematically if Fig. 2. The senses of ym, ®, ¢
(all left-handed), and y (right-handed) are defined in Fig. 1, which shows the instrument with these



angles in the first quadrant. The zero position for ¢ is chosen arbitrarily. Fig 2 also shows the
laboratory system of axes X, yi, z, fixed with respect to the incident beam.
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The angle conventions on D10 are the same as those on D9 and D19 even though the detector moves
anticlockwise when viewed from above while those on D9 and D19 move anticlockwise when viewed
from above. To have the same sense the laboratory axes on D10 are upside-down compared to those of
D9 and D19. Thus 26, ® and ¢ turn clockwise for positive movements when viewed from below, and y
turns clockwise for positive movements when looking from the monochromator to the detector.

Figure 2

3: Instrument-coordinate transformations

Let v be the column vector (components vy, Vo, v3) describing some physical vector v’ in terms of the
reciprocal lattice vectors b; (commonly denoted a*, b* and c*) so that:

V:ZS:vibi (3.1)

Let v be the description of such a vector in terms of the crystal Cartesian axes which are attached in
some way to the reciprocal lattice. If we choose the x-axis to be parallel to by, the y-axis to be in the
plane of b; and by, and the z-axis perpendicular to that plane, then:

v.=Bv (3.2)

where B is given by:



b, b, cosg, b, cos g,
B=|0 b,sing, b, (cos B, —cos f3, cos f3,)/sin 3,
0 0 by (1—cos’ 3, —cos® 8, —cos® B, +2cos 3, €0 B, C0s f, )1/2 Isin B,

(3.3)

Here the b;’s and the £’s are the reciprocal-lattice cell dimensions and angles respectively.

Let v, be the description of a vector in terms of the laboratory system of axes, when all the instrument
angles are set to zero. Let U be the orthogonal matrix which relates a vector expressed in the crystal
Cartesian system to the description in the laboratory system when all the instrument angles are zero, so
that,

v,=U-v, (3.4)
U is called the orientation matrix since it depends on the way in which the crystal has been mounted, and
also on the arc settings if a goniometer head is used.

Now suppose we rotate the crystal (and hence the vector) by the Eulerian angles ¢, x and ®. We wish to
know the new coordinates of the vector referred to the same laboratory axes. The vector is transformed

by a ¢ rotation to:

V,=0-v, (3.5)
where,
cosg sing O
®=|-sing cosg O0]. (3.6)
0 0 1

A v rotation will transform the vector as follows:
V,=X"v, (3.7)
where,

cosy 0 singy
X=| 0 1 0 | (3.8)
—siny 0 cosy

Finally, a rotation about the ® axis will give
vV,=Q-v, (3.9

where



cosw sSinew 0
Q=|-sinw cosw O (3.10)
0 0 1

We shall retain the use of numerical subscripts as applied here, i.e. subscript 4 for a vector in a general
position oriented by ¢, y and w; 3 for a vector oriented by ¢ and x only; 2 for a vector oriented using ¢
alone; and 1 for a vector position when all angles are zero. The exception to this convention is the use
of Sp and s; to denote the incident and diffracted beams respectively.

4: The diffraction condition

If h, k and | are the Miller indices of a reflecting plane, then the corresponding column vector in the
reciprocal lattice system is:

h=|k|. (4.1)
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Figure 3
The length q of this vector, which is the reciprocal of interplanar spacing in Angstroms, is readily found
from its components in any one of the Cartesian descriptions. For example:

12
q= (V121 +\/122 +V123) (4.2)

where,
v,=U-B-h (4.3)



(We shall use the convention that v;; denotes the j’th component of the vector Vi) The Bragg equation is
then,
sind=1q/2 (4.4)

In the Ewald construction of Fig. 3 the locus of the tip of the scattering vector h is a sphere of radius
q=2sind A (4 = wavelength). The intersection of this sphere with the Ewald sphere of radius 1/4 is the
bold-lined circle, called the circle of observation. Diffraction from the planes with indices hkl can occur
when the tip of h lies at any point on this circle. Hence the instrument angles (¢4, y and @) can be
adjusted so that the diffracted beam occurs anywhere on the cone with semi-angle 26 about the incident
beam.

For a particular diffraction setting, h = OP in Fig. 4, the angular coordinates defining the diffracted beam
are y, in the equatorial plane and v measured vertically out of the plane, with positive v in the direction
.

The diffraction condition can be written:

h,=S,—S, = 10

(4.5)

where Sp and S; are vectors along the incident-beam and diffracted-beam respectively, of length 1/4 (in
Fig. 4, where Sy = AE, and S; = EP). When expanded this gives:

sin y cosv
h, =(1/2)| cosycosv -1 (4.6)
siny

The instrument angles which orient h can be solved from the basic diffractometer equation:

siny, cosv, h
h,=(1/4)|cosy, cosv,-1|=Q-X-®-UB| k 4.7)
sinv, I

The U and B matrices are usually determined together, and given as a single product UB = U.B, as
above.
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5: Determination of reciprocal lattice vectors referred to the Laboratory System from measured
peaks for different diffractometers geometries.

If we dispose of a set of centred unknown reflections h;, characterized by their centres in the detector (x;,
zi)p and the values of the angles of the orienting device we can deduce from the wavelength of the
radiation and the geometry of the diffractometer a set of reciprocal vectors referred to the laboratory
system z3;. These vectors are affected by errors and whatever algorithm that manipulates them in order
to deduce a unit cell and an orientation matrix should take care of that.

5.1 Getting the vector z; from the measured peak position

Knowing the orienting angles (we suppose for the moment an Eulerian cradle) one has just to invert the
following equation:

sin y cosv
z,=(1/2)|cosycosv-1|=Q-X-®-z, (5.1)
siny
2,=0"- X' Q'z,=0"-X"-Qz, (5.2)

The angles y and v can be obtained from the diffraction geometry. In the case of a limited orienting
device (normal beam geometry, for instance) one can consider, for instance that we have only available
the angle ¢, or the angle w, with %=0. Let us consider two cases a flat detector positioned by two angles
1 and v and a cylindrical detector positioned by a single arm jp. The geometry of diffraction is
represented schematically in the following figure:



XL

Figure 5

The vector OP, representing the diffracted beam, has as polar angles in the L-system (y,v) These angles
should be deduced from the coordinates (xp, Zp)p and the angles (s, vb), knowing the distance d=00p
between the sample and the centre of the detector. The impact point P when the detector is at zero angles
has coordinates in the laboratory system OPo=(Xp, d, zp).. This point is moved to the diffraction position
by applying two rotations to the vector OPy. The first rotation is of angle vp around x,_ (positive:
anticlockwise when seen from the positive x,_ axis) and the second rotation is of angle y» around the z_
axis (here positive is clockwise when seen from the positive z,_axis), the corresponding matrices are:

1 0 0 cosy, siny, O
N, =|0 cosyv, -—sinvy|;Iy=|-siny, cosy, O (5.3)
0 sinv, cosv, 0 0 1

The final components of OP in the L-system are given by:

cosy, siny, 0]f1 0 0 Xp
OP =T N,OP; =|-siny, cosy, 0|0 cosv, —sinv, || d (5.4)
0 0 1|0 sinv, cosvy |\ zZ,

The unitary vector along the diffracted beam in the laboratory system is:



s,. =(cosvsiny, cosvcosy,sinv) =% (5.5)
The corresponding reflection vector in the laboratory system is:

24:%:%@051/%;4 cosvCcosy —1,sinv) (5.6)
The modulus of the OP vector is the modulus of the vector v= (xp, d, zp), so if we define the unitary

vector:

v
Up = (5.7)
«/XD +d°+1z;
The diffraction vector z; can be obtained with the matrix product:
zlz%df X' Q" (T, -Npu, —s,, ) (5.8)

So, knowing the setting angles (w,y,¢) and the coordinates of the diffracted beam on the detector and the
characteristics of the detector (distance to the sample, dimensions, curvature, etc) one can calculate the
vectors z; (reciprocal lattice vectors of the crystal referred to the laboratory system when all setting
angles are set to zero).

If we are interested in shifts in reciprocal space and how they translate to detector space when the
detector and the orienting device are fixed, the equation (5.8) simplifies as follows:

1
5z, = IQ)T X"-Q".T',-Nydu, (Stationary detector and device)

So, in terms of reciprocal space shift vectors, we obtain:

Su, =ANp T -Q-X-@-UBSh  (Stationary detector and device)
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Figure 6: Idealized image of the detection surface of a rectangular
or a curved detector as observed from the sample position. See

text for explanations of symbols.




In case of a small motion of detector and orienting device, one has to calculate the differences between
two expressions derived from equation (5.8). The most usual case is a coupled omega and gamma scans,
S0:

1
z,-22 =ch>T X" (Q'T,-Nou, —Q's) —Q7T2 -Nyui —QFs )

Let us make explicit some of the calculations related to different geometries and orienting devices.

5.2 Flat detector and four circles (F2D-4C)

This is the case discussed up to now. In practice the detector has its own calibration device and internal
reference frame. If we consider a rectangular detector with detecting units along xp that we call
“cathodes”, the detecting units along zp are called “anodes” and we can think on that, without loss of
generality, as a series of vertical (cathodes) and horizontal (anodes) wires that are numbered in some
way. The coordinates of an impact point P can be provided in pixel coordinates (real numbers that
become integers when the position coincide exactly with the crossing of two wires) or in “mm”. For
calculations we have to use length units. Passing from pixel (nca, nan) units to length units (xp, zp) can
be performed if the starting numbering origin (01, O2, O3, 04 in the figure), the separation between
cathodes and anodes (dca and dan) and the centre of the detector (cca, Can) are known.

Suppose that we use the origin O1 (internal system) as starting point for numbering the cathodes and
anodes (starting from the index 0). The x-axes coincide in direction but the z-axis of the internal system
IS opposite to the z-axis of the detector system.

Pixel coordinates in the internal system of the centre of detector system (Cca, Can)
Pixel coordinates in the internal system of the impact point P (nca, Nan)
Length coordinates in the internal system of the centre of detector system (Xo, Zo)
Length coordinates in the internal system of the impact point P (Xca, Xan)
(X0, Zo) = (dca x Cca, dan x Can)
(Xca, Zan) = (dca x Nca, dan X Nan) (5.9)

The transformation of coordinates between the internal system and the detector system is given by the
following relations for the origin at O1:

o S

Xp = Xea — Xos In =—Zn+ 2, (5.10)
Xp =dca(Nca —Cca); Zp =y (Nay +Cay)
For the case of O2 we have: Xy =dc,(—Nca +Cca); Zy =0, (N +Cay)
For the case of O3 we have: Xy =dc,(—Ncs +Cca); z, =0, (N —Cay) (5.11)
For the case of O4 we have: X, =d,(Nca —Cca); Zp =0, (N —Can)

Once we have the coordinates of a spot in the detector system (Xp, zp) and the setting angles of the
detector (b, vb) we can develop the above matrix equations and we obtain



1 1
Zy :Z(DT X' -Q' (I Ny, —SOL):Z(DT XT-QT (s =5, ) (5.12)

cosg —sing 0)(cosy 0O -—siny)(cosew -sinew O
21:% sing cosg O 0 1 0 |[|sine cose O, -Nyu,—s, ) (5.13)
0 0 1)\siny 0 cosy 0 0 1
COS@COS y COSP—SiN@SiNg —Sin @COS y COSp—CoSwsing —sin ycos¢ \( n,
21:% C0S CO0S xSiNg+sinwcos$ —sinwcos ysing+coswcosg —sin zsing || n, | (5.14)
Cos wsin y —sinwsin y cos y n,
n, cosy, siny, 0)(1 0 0 Ugy 0
n, |=|=siny, cosy, 0| 0 cosv, —sinv, || Uy, |-|1 (5.15)
n, 0 0 1){0 sinv, cosv, )l u,,
N, = Uy, COS yp +Sin y, (Uy, COSV, — Uy, SiNvp) :;(xD €05 7, +5in y, (d cosvy, — 2z, sinvy))

N, = —Uy, Sin ¥ + €08 5, (Uy, COSV, —Uy, Sinvy,) —1:;(4D siny, +cos y, (d cosv, — 7, sinvy) ) -1

1 (5.16)
P& +d?+22
The values (Xp, d, zp) as well as the setting angles (o, x, ¢, o, vb) are supposed to be the “true” ones. In
fact these “true” values are obtained from the values provided by the instrument (written with an
additional o-index) minus a zero-shift. The zero-shifts are common to all measured reflections and can
be determined by least-squares refinement. Some of the shifts are redundant or strongly correlated. One
can consider with a very good degree of approximation that only the following parameters are affected
by a zero-shift:
Xp = Xea — Xo —0X,; Iy ==L +Z,-92,, d=d,-ad,
C()=600—5600; Z=Zo_5)(o
The origin of the angle is irrelevant and the shifts on the setting angles (yb, w) of the detector when they
are small can be absorbed in (6x,,0z,). We have not considered a tilt of the detector that is generally
negligible when the size of the detector is small.

N, = Uy, SNV, + Uy, COSV, = (dsinv, +2,cosvy)

(5.17)

In any case a series of tilts can be considered by relating the internal reference frame to the ideal
detector frame through a product of three small rotations around the Xp, yp and zp axes of angles (in
radians) dgc , 0@, and o¢,. The rotation matrix up to first order is:

1 64, O\ (1 0 &5,)(1L 0 0
T(5¢,,56,,08)=| -0, 1 O]l 0 1 0 [0 1 &g
0 0 1)(-6, 0 1 )0 -84, 1

1 o9, 69,

T(6¢,,5¢,,04,)=| ~6¢, 1 5,
-op, —op, 1

(5.18)




The simplified equation relating the cathode-anode coordinates in the form of a 2D matrix equation can
be written in the general case (once the macroscopic rotation of the two frames is done) up to first order
as (case O1):

1 og, o6¢,1(1 0 03X Xo +0X, Xea
54, 1 84 ||0 1 O yy|+| o6d, |=| O (5.19)
~op, —op, 1 )\0 0 —1)\z,) (Zy+5z, ) (Z,
1 68, 04, ) %) (Xo+0%) (Xca
—04, 1 64, || yp |+| od, =l 0
-4, —0¢, -1)\zp,) \Zy+62, ) \Zy
Xp 1 -0, —5¢y Xea— X —0X, Xea— X —0X%, —5¢y(ZAN -Z,) (5 20)
Yo |=| 08, 1 =09, —od, =| 6¢,(Xcp = Xo) =6, =66, (Z 5y —Z,) '
Zp 5¢y 5¢x -1 ZAN _Zo _520 5¢y(XCA - xo)_ZAN +Zo +5Zo

5.3 Horizontally curved 2D-detector and four circles (C2D-4C)

The difference between this case and the previous one is that normally we are using a big banana
detector so that the centre of the detector is not considered the important parameter. Looking from the
sample we can see the cathodes and anodes as in the previous case for a flat detector in figure 6. The
difference with the flat detector is that the distance of whatever point of the surface to the z -axis is
fixed and equal to the radius of the cylinder. A 3D scheme of the detector is seen in figure 7.

ZL

Figure 7: Scheme of a 2D banana detector of radius R. The origin of the
curved detector is Ocp and the numbering of cathodes and anodes start at O3.

The zp coordinate of a reflection in the detector is always related to the radius R and the latitude angle
as:



tany=20 z, =R, tanv (5.21)

D
On the contrary the xp coordinate depends on the gamma arm of the banana and the origin choice. Many
options can be considered. The option represented in the figure 7 provides the value of the coordinate (in
a flattened picture) in mm as:
Xp =Ry (75 —7) (5.22)
In which the angles are expressed in radians. The relation with the internal coordinates of the detector is
similar to that of a flat detector except that the separation between adjacent “cathodes” is expressed as
the product of a small subtended angle by the radius of the detector: dca = ycaRp. With the particular
case of figure 7 we have:
Xp = Xca; Zp =Ly —Z,

(5.23)
Xp =0caNca = 7eaRoNeas  Zp =day (Nay —Cay)

An important geometry relevant for Laue diffractometers is that of a complete cylindrical surface
surrounding the crystal at the origin of the laboratory system with its axis coinciding with the z, -axis. In
such a case the origin for the detector system is taken at impinging position of the transmitted beam, so
that if the total surface of the detector is cut, opened and flattened, the image of the detector surface is
the same as that in figure 6 in which the separation of the “cathodes” is, as before, dca = ycaRp. The
language used for referring the position of the wires is that of pixels or raster units instead of cathodes
and anodes, if we replace the indices CA by H (for horizontal) and AN by V (for vertical) the expression
for such a cylindrical detector, and taking the origin O1, are:

Xp =Xy = X,; 2, =-2,+Z,
Xp =7uRo (N —Cy); 2, =d, (-n, +¢,) (5.24)
Xp =Rpy Z, =Ry tanv

In the above expressions the numbers n and c are integers corresponding to horizontal and vertical
pixels, the factors y4Rp and dy serve to convert to coordinates in mm.

5.4 Static flat 2D-detector in a general position and orientation with respect to the laboratory system

All the above calculations for flat detectors correspond to a flat detector that is perpendicular to the
vector position going from the centre of the laboratory system to the centre of the rectangular surface.
There are other cases in which the detector is rotated with respect to this position. The most general case
can be considered as follows: the surface of the detector coincides with the plane xpzp and the reference
system of the detector (Op, Xp, Yp, Zp) coincides with the laboratory system in its initial position. The
active surface is that oriented towards the incoming beam, the other side is not active. We have to take
into account this fact when considering a general orientation. We consider three active rotations applied
to the reference system of the detector in the following order:
1- Rotation of angle ¢p, around the z, axis: positive rotation starting from positive x, going towards
positive y, (anti-clockwise when seen from positive z, axis)
2- Rotation of angle gpy around the y, axis: positive rotation (anti-clockwise when seen from
positive y|_ axis)
3- Rotation of angle ¢ox around the x_ axis: positive rotation (anti-clockwise when seen from
positive x,_ axis)



The total active rotation moving the detector system with respect to the laboratory system is given by the
following product:

1 0 0 cosg,, 0 sing, | (cosd, -—sing,
R D (¢Dx ' ¢Dy ) ¢Dz) =|0 cos ¢Dx —sin ¢Dx : 0 1 0 /| sin ¢Dz Cos ¢Dz 0 (525)
0 sing, cosd,, )|-sing, 0 cosdy, 0 0 1

This matrix when applied to the components of a vector (in column form) in the L-system, gives the
components of the transformed vector in the L-system. The columns of the matrix Rp represent the
coordinates of the unitary vectors of the transformed reference frame (the detector frame) with respect to
the L-system.

XI X rll r12 r13 X

Y'| FRp| Y| =|tu T LallY

z') ) Iy Iy TpNZ)
The transpose of this matrix, when applied to the components of a vector in the L-system provides the
components of the same vector with respect to the D-system

(5.26)

X X L, N, L)X X X (5.27)
_pT .

Y| =Rp| Y| =|h Iy |y = |Y| =Rp|Y

z b z L r13 r23 I’33 YA L z L YA b

A vector, in the D-system, having the coordinates (Xp, Yp, zp) has the coordinates (x., y., z.) in the
laboratory system given by the equation:

X, 1 0 0 cosg,, 0 sing, | (cosgd, -sing, 0)(x,
rr=Ryr; =| Yy, |=|0 cosg,, -—sing, |- 0 1 0 ||sing,, cosg,, O] VYp (5.28)
z, 0 sing, cosg, ) |(-sing, O cosgy, 0 0 1Nz,

Up to now the origin of the detector coincides with the origin of the L-system, if the origin of the
detector system is translated to the position rop = (Xop, Yob, Zop) (coordinates in the L-system), the
coordinates in the L-system of a point (Xp, Yp, zp) in the D-system are given by:

X, 1 0 0 cosg,, 0 sing, ) (cosg,, -—sing,, 0)(x, Xop (5 29)
r=R.ry+ro, =| Y, |=| 0 cosg, -—sing, || O 1 0 ||sing, cosds, Ol Yo |*+| Yoo |
z, 0 sing,, —cosdy, )| -sing, 0 cosg, 0 0 10z, Zop

In some circumstances it is more convenient to use other system of rotations, for instance it may be
more convenient to start with a rotation around the y, -axis, followed by a rotation around the x, -axis and
finally around the z -axis.

Let us consider few common special cases

a) Flat detector in forward direction, at a distance d from the sample, with the incident beam
impinging the centre of the detector. In such a case Rp=I and only the vector rop = (0, d, 0) is
active for calculating the coordinates in the laboratory system of a spot. The point P (xp, O, zp)
has coordinates P, = (Xp, d, zp) in the laboratory system, so the scattering vector corresponding



b)

to this spot is given by:
_OP  (xp,d,zp) N 1 _ (xdizp) 41 (5.30)

5 =— = z,==(s, =5, )= (0,=,0)
- OP UG +d?+ 22 ' /1( ) X +d?+ 22 A
The spherical angles (y,v) of the scattered beam can be obtained easily:

i . OP X,d,z
s, = (cosvsiny, cosvcosy, sinv) = oP = M

OP X2 +d?+22

v—arcsin[z—DJ; y =atan2(x,, d)

Jxg +d?+ 22

Flat detector in backward position, at a distance d from the sample, with the incident beam
passing through the centre of the detector. In such a case, for detecting the spots in backward
scattering, the active surface of the detector should be rotated 180° around z, before translating it
up to the point rop = (0, -d, 0)

(5.31)

-1 0 0
R,(0,0,180)=R[(0,0,180)=| 0 -1 0 (5.32)
0 0 1

The point P (xp, 0, zp) has coordinates P, = (-Xp, -d, zp) in the laboratory system, so the
scattering vector corresponding to this spot is given by:

OP _ (-%,,—d,2p) _ (%-dizg) 01 (533
(0’1’0) (5.33)

1
S = = Z,=—\S, —S
- OP JXG+d?+ 22 ' /1( ) AXE+d?+ 73
The spherical angles (y,v) of the scattered beam can be obtained easily:

) . OP (-x,,-d,z
s, = (cosvsiny, cosvcosy, sinv) = op = (X, d7)

OP  /x2+d*+22 (5.3)
v = arcsin| ———2 : y =atan 2(—x,,—d)
Jx3 +d®+22

Flat detector with origin at position rop = (d sinyp, d cosyp, Zop) With zp axis parallel to z, and
active surface perpendicular to Pp= (d sinyp, d cosyp, 0). This is the position of a detector
forming part of a multidetector of a polygonal shape approximating a vertical cylindrical
detector. The distance d is the distance between the two parallel axes zp and z,. In the formalism
described above this position can be reached by using the matrix:
cosy, siny, O
R,(0,0,4,, =—7,) =| —siny, cosy, O (5.35)
0 0 1

The point P (xp, 0, zp) has coordinates in the laboratory system given by

X, cosy, sinyy 03X dsiny, Xp COSyp +dsiny, (5 36)
r=Rpolp +rep =| Y. |=| =Siny, cosy, 0 0 |+|dcosy, |=|—XpSinyy,+dcosy, '

z, 0 0 1)\ z, Zop Zp+Zop



The spherical angles (,v) of the scattered beam can be easily obtained:
(X5 COSyp +dsinyy,—Xy Siny, +dCOSyy, 2y + Zop)

. . r
s, =(cosvsiny, cosvcosy, sinv) ===
n \/(XD cosyp +dsinyp)? + (=X sinyp +d cos yp ) +(2p + Zp)?

] (5.37)

. Z,+2
v =arcsin D__ 00
\/xé +0% +(2p +2p)°

y=atan2(x, cosy, +dsiny,, —X,siny, +dcosy,)

d) The case shown in Figure 5 can be treated using the general formalism. The detector placed in
the origin of the L-system should be rotated first an angle ¢px=vp around x,-axis and then an
angle #p,=-)p around the z -axis (the sense of this rotation is opposite to ¢p,), followed to a
translation to the position rop = d (€osvb Sinyp, COSVpH COSHp, Sinwp). The point (Xp, 0, zp), with
coordinates given in the detector system, has the following L-system coordinates (notice that we
have emphasized the used reference frame with a subscript in the column vectors):

X, cosy, siny, 0)1 O 0 Xp Xop
r=Rplp +repp =Y, | =|-siny, cosy, 00 cosv, -—sinvy || 0| +| Yop
Z ), 0 0 1)\0 sinv, cosv, Z5 )y \Zoo ),
X, cosy, siny, 0)(1 0 0 Xo d cosv, siny,
Y. | =|-siny, cosy, 0 0 cosv, -sinvy || O | +|dcosv,cosy,
7 ), 0 0 1){0 sinv, cosv, 25 )y dsinv, . (5.38)

X, = Xp COSyp —Zp Sinv, Siny, +d cosvy Sin y, = X, COS yp +5in y, (d cosvy —z, sinvy)
Y. =—Xp Sinyp —Z, sinv, COSy, +d COSvy, COS y, = —Xp SiN 7, + €08y, (d cosv, — 2 sinvy)
z, =1,C08y, +dsinv,
It can be easily verified that the coordinates of the point P in (5.4), obtained using another
method, gives the same result:

cosy, sSiny, 0)(1 0 0 Xo cosy, Siny, 0 Xp
@—FDND@O—[sinyD cosy, OJ[O cosv, sinvDJ[d} —[sin;/D oSy OJ[dcosszDsinvD}

0 0 1)\0 sinv, cosv, 75 ), 0 0 dsinv, +cosvyz,

Xp COS ¥ +5in 7 (d cosvy — 2, sinvy) (539)
OP=r, =
L

D

L =| —Xp Sinyy +Cosy, (dcosvy, —z,sinvy)
dsinv, +z, cosv,

Notice that the coordinates of the vector to which the matrices are applied are given here with
respect to the L-system and not with respect to the detector system.

e) Let us consider now the same case as in c) but doing first a small rotation around the y, -axis to
the detector, The Rp matrix is then:

cosg,, —sing,, 0) ( cosg, 0 sing,
Ro (¢, = 70185y =) =| sin ¢DZ COS¢DZ 0 o 1 0
1

—sing,, 0 cosdy,
cosy, Sinyg 1 096 Cosy, Siny, &COSy,
Ro($o, =708y =0) = —smyD cos;/D 0 10 —siny, cosy, -dsiny,
-6 0 1

-0 0 1

cosy, siny, 0)(cosé 0 sing 5.40
=|-siny, cosy, O O ( )
0 0 1) (-siné 0 coss

We have then:
X, cosy, Siny, 6cosy, \( X dsiny, Xp COS ¥ + 2,6 COSyp +dSiny, (5_41)
=Rl +rop = | Y, |=| —Siny, cosy, =dsiny, || 0 |+ dcosy, |=|—XpSinyy —Zp0siny, +dcosy,
L = JU O
Let us now calculate the centre of a reflection, rp, in the detector reference frame. We suppose we have
the following data: the rotation matrix Rp providing the orientation of the detector, the vector position of

the centre of the detector rop and the polar angles (y,v) of the diffracted beam. For calculating rp we
need to use the equation:

ZOD

h = RTD (rL 'rOD) (5.42)



We need to calculate the coordinates of the impact point in the laboratory system r.. For that we

calculate the intersection point of the straight line with unitary vector u(yv) with the plane of the
detector surface.
The expression of the unitary vector and the equation of the plane are:

u(y,v) = (cosvsiny, cosvcosy, siny)

(r-rop)-n=0
The normal to the plane is n=yp and its components with respect to the L-system constitute the second
column of the matrix Rp: n= Rp(: , 2). The impact point r. = pu(y,v) should satisfy the equation of the

plane, this gives us the value of the distance, p, between the sample position (origin of L-system) and
the impact point, we obtain:

(5.43)

Fop * N Fop * N
r-r..)-n=0=pu-n=r.-n=>p=-L _—r =9y 5.44
( L OD) p oD p u-n L u-n ( )
The detector coordinates of the reflection spot is then given by:
oo N
r, =R, (-2—u-r, 5.45
D D( u-n OD) ( )

For calculating the angular limits (3, v) of the detector in an arbitrary position, we should be careful with
the gamma-angles that varies in the range [-180°, 180°] with periodic boundary conditions. We have to
consider separately negative gammas (j,) and positive gammas (3p). For instance, a flat detector in
backscattering position have negative gamma in the range [-180°, jn(max)] and for positive values
[7(min), 180°]. Nu-angles do not have to be considered in this way. To determine with care the angular
limits, one can use a conservative approach adding and subtracting the maximum angle subtended by the
vector position of the centre of the detector rop = d (Coswp Sinyp, COS Vb COSp, SiNp), when the detector
is perpendicular to this vector, with the vector position of one of the corner to the angles (b, wb). Once
we have these angles we have to consider different options depending on the values of v and jp.

5.5 Static cylindrical 2D-detector in a general position and orientation with respect to the laboratory
system

Let us consider a cylindrical 2D detector, o vertical
dimension V(mm) and perimeter H(=2zR mm). A
Cartesian coordinate system is adopted with the zc-axis
along the cylinder axis; the origin is in the centre of the
cylinder. See figure 8 for details. This Cartesian system is
supposed to coincide with the L-system (this has been our
implicit hypothesis in previous paragraphs referred to
cylindrical detector shapes); in practice the detector may
be tilted (slightly or not) and displaced with respect to the
origin of the L-system. We have to find the relation
K between the coordinates read in the surface of the detector

and the position in the L-system. The equations 5.25 to
Figure 8: Cartesian system attached 5.29 can be used without change (except for the index C of
to a cylindrical detector. the Cartesian system attached to the cylinder). In practice
the coordinates of a spot in the detector surface (xp, zp),

_—

Xc




should be transformed to the vector OcP=rp=(Xp, Yp, zp) in order to use the equation 5.29 for obtaining
the coordinates of the spot in the L-system. The coordinate zp coincide with the coordinate zp. The
coordinate Xp= jp R is the quantity provided (when transformed from pixels to mm) by the detection of
peaks in the image file. The equation 5.29 with the specified notation and taking into account that we
need only two tilt angles (the tilt with respect to the z-axis is immaterial) reads as:

X, 1 0 0 cosgy, 0 sing, | (% Xoc (5.46)
=Rl +Toc =]y, |=| 0 cosd,, —sing, |- 0 1 0 | Yo || Yoc .
z, 0 sing,, cosg,, ) | -sing, 0 cosgy, | |z, Zoc

The vector of a spot in the cylinder system is:

ro =X, ¥p,2p) = (Rsiny,,RCOS 5, 2,5) = (Rsin%D, Rcosx—l_\'f, Z5) (5.47)

The most frequent case corresponds to the inverse problem: knowing the orientation of the detector (Rp
matrix), the vector position of the centre of the detector roc and the polar angles (y,v) of the diffracted
beam, determine the spot coordinates (xp, zp). For calculating rp we need to use the equation (5.42),
which with the cylinder notation becomes:
e = RTD (r.-roc) (5.48)

The vector position of the impact point r. = pu(yv) has the unknown quantity p that has to be
determined using the constraints in rp (it must satisfy the equation of the cylinder in the C-system). We
have the following relation that must serve to determine p: x3 +y2 = R*. Once p determined, using the

resolution of a second degree equation, the combination of equation 5.47 and 5.48 allows the
determination of (xp, zp). Explicitly we can write the following equations:

o = RE(rL —Toe) = (XY 2p) = RTDrL - RTDroc = pREU - RI)roc =pv-r

(X6 Yp:Zp) = PV, Y, V) = (o Ty W) = Zp =25 =PV, — 1, (5.49)

(XP' yP) = p(vx’vy) - (rox’ roy) = RZ = pzvfy - 2p(vxrox +Vyr0y) + roiy

PV, — 2PVl +V 1, ) + 1 —R? =0

From the last equation p is determined and one has to decide what of the two solutions is the adequate to
the problem. This can be done looking at the signs of the (y,v) angles, but probably a safe way is to get
the maximum value of the two solutions (e.g. p=max(p1,p2)). With the appropriate value of p, we obtain

immediately the value of the zp coordinate (second line of egs. 5.49). The value of xp is obtained
combining the third line of 5.49 with the equation 5.47:

. X X
(X5, ¥p) = (Rsiny,,Rcosy,) = (Rsmﬁt’, RcosFD) = p(V,,Vvy) = (1)

X vV, — T vV, — I (5.50)
tan=t = PV~ T = X, =R arctan PV = To
R pv, — I, pv, — I,



6. Indexing

After an experiment for searching reflections we dispose of a set of reflections characterised by the
vectors z3; (i= 1, 2 ... N). The method used by AJM Duisenberg (J. Appl. Cryst. 25, 92 (1992)) consists
of supposing that there are various sets of lattices (due to twinning or to spurious phases) or simply
several spurious reflections among the true ones. The principle of the program DIRAX is to search for
one-dimensional periodicity in directions perpendicular to triplets of reflections.

(To be developed)

7. Laue patterns

For calculating a Laue pattern one can use the fact that for a fixed position of the crystal (we suppose
that the orientation matrix U is known) there is always a set or lattice points within the two limiting
Ewald spheres. Each lattice point “selects” its own wavelength between Amin and Amax. We dispose also
of an orienting device with three angles that allows exploring all orientations of the crystal. For instance
we can suppose that the crystal may be reoriented by applying three rotations like with an Eulerian
cradle. The matrices corresponding to the angles can be called R(a1), R(02), R(az) and the particular
expression of the matrices depends on the orienting device. The reflections that can contribute to the
Laue pattern, if the orientation of the crystal can be varied at will, are those within the resolution sphere
of radius Rres=2/Amin. TO obtain the Cartesian components of a reflection h in the laboratory frame we
have:

h
h, =R(a,)-R(a,)-R(e,)-UB| k |=M-UB-h (7.1)
|

If we consider the construction of Fig 3, the reflection h =(X, y, z) should be in the surface on one Ewald
sphere corresponding to the wavelength A. So that from the equation of the sphere in the laboratory
frame we obtain:

1 1 2y
X+(y+2)Y+2"== = X +y*+18=-"2
(y+-) 7 y B
_ 7.2
ﬂ:#:—Zyd,f sind=-yd, (7.2)

X2 +y?+7°

Where dj, is the d-spacing of the reflection h. The y coordinate of h; should be negative!
If the calculated A is outside the interval (Amin, Amax) the reflection will not contribute to the Laue pattern.
If the reflection has the appropriate A, the unitary vector corresponding to the diffracted beam is given
by:

s, =(cosvsiny, cosvcosy,sinv) =s, +4h =(0,1,0)+A(x,Y,z) (7.3)
The L-system coordinates of all reflections h =(x, y, z) are easily calculated from the orientation matrix
and the matrices of the orienting device, the angles y and v are calculated from:

sinv =4z tany =

7.4
1+ Ay (7.4)



For a cylindrical detector, or radius Rp and height 2H, surrounding the sample the y —angle is not limited
in principle (in practical cases — ymax<y< ymax, With 7max<180°), but the absolute value of the latitude
angle v should be smaller than

H
tanv_ . =— 7.5
v = (7.5)

D

7.1 Determination of the orientation matrix using one or several Laue patterns.

In Laue diffractometers the orienting device is limited to a single angle (spindle) that corresponds to ¢
(or w) angle (with »=0) in the Eulerian cradle, so that the general equation for a flat detector with the
centre in the horizontal plane (Np=I):

1 1

z, :Z(DT X' Q" (T -Npu, —SOL):Z(DT XT-QT (s —s,,) (7.6)
reduces to:
1 1
z, = E(DT (Tpuy—so, )= Z‘DT (s.—s0) (7.7)

In a Laue pattern the wavelength of the spots is not known a priori. From the coordinates of the centre of
a spot we can determine only the vectors z 4= A z1, S0 only the directions of reciprocal vectors are
directly determined. For indexing/orienting a crystal from a Laue pattern we have to know the unit cell
parameters and compare the relative angles between spots and those of calculated angles of a series of
generated reflections from the known cell parameters. The expression of the z 4, vectors for a flat
detector is given by:

cosg —sing 0 cosy, sSiny, O0](X 0
Z,..=42,=|sing cosg O | — —siny, cosy, Of d [-|1 (7.8)
0 0 1)(VetrdHn| g o 1llz) Lo

For the case of a cylindrical detector we can apply the general equation of the direction for the scattering
vector:
cos¢g —sing O cosvsiny

Zi e =4 =®" (s —s, )=|sing cosg 0| cosvcosy—1 (7.9)
0 0 1 sinv
remembering that
XD ZD
=—= tany =— 7.10
-y R, (7.10)

The above equations, using raw positions of spots and the known values of spindle angle and detector,
provides a list of unitary vectors that can be used to compare with calculated ones and start the indexing
and consequently the determination of the orientation of the crystal.

7.2 Algorithms for indexing when the unit cell is approximately known
For obtaining the most prominent Laue spots using the experimental images one can either use a GUI

for clicking in the selected spots or automatically detect the positions of spots having intensity above a
prescribed threshold. For the second algorithm described below this last method is important because a



mask can be generated from the experimental image and compared with a calculated mask directly to
determine the proper orientation matrix.

Indx-Algorithm 1
Step 1: Let us consider that we have a series of spots measured in a single or different Laue images.
Each spot is characterized by the value of the coordinates (x, z) and spindle angle ¢. Those with the
same spindle angle belong to the same image. The user selects two or three nodal spots, put on top of the
list, used for starting the procedure.
The input list is:

X1, 21, @1 X2, Z2, B2 X3, 23, B3 ... Xny Zny ¢h (Indx-Al-1)

Step 2: From the above list, using the appropriate equations, one can calculate the Bragg angles and the
vectors z, 4ue i in the laboratory system. So that:

C0S 26, = cosv;, sin y,

Z e =AUB-h (i=12,.n)
The polar angles (%, 1) are deduced from the coordinates (x;, z;) and the geometry of the diffractometer.
For the vectors, the known quantities are those of the left.

(Indx-A1-2)

Step 3: Calculate the angles between the vectors pair(s): 01={Ziave1, ZLave2}, 02={ZLave1, ZLave3},
a3:{ZLaue,3, ZLaue,Z}

Step 4: Generate a series of nodal reflections (co-prime hkl indices) up to a maximum index. Calculate
pair of angles that match the above ones. Calculate first two reflections that match the first angle. If
solutions are found we can stop here because the orientation matrix U can be calculated (three free
parameters) already. From the indices and the Bragg angle one can calculate the wavelength and hence
the vectors z11=Z aue1 /A and z; =7, aie2 /A. Now the U matrix can be calculated using the algorithm
proposed by Busing and Levy for obtaining an orthogonal matrix.

One can continue looking for another reflection in order to be sure that the good solution is found. From
the list of possible solutions (satisfying the first angular constraint) search a third reflection in the rest of
generated reflections that satisfy the two additional angles. If the reflection is found we can proceed as
before but with a more reliable solution.

Step 5: With the solution(s) found, calculate the indices of the rest of given reflections in the list.

Step 6: Once an initial orientation matrix is determined one can use the whole set of reflections for
refining the orientation matrix, the unit cell (maintaining constant the volume) the shift, tilts and
distortion parameters using least-squares.

Indx-Algorithm 2

This algorithm is based in the attribution of indices to a single noticeable nodal spot in a single image. It
is always supposed that the unit cell is already known.

Step 1: The list of the most intense spots in a single image is provided. The input list is:



X1, Z1, X2, Z2, X3, Z3....... Xn, Zn

Step 2: The prominent nodal spot is selected (X,, zp) and low indices are attributed. The unitary
reciprocal Vector U= ziauep/| ZLavep | IS calculated. The Bragg angle and wavelength are calculated.

Step 3: An appropriate rotation of the whole set of reflections, in the standard orientation of the crystal:
the laboratory system coincides with the internal Cartesian frame of the crystal, is performed in order to
put the direction of the prominent nodal spot coincident with the experimental one. The spherical angles
of ug are calculated and a rotation matrix putting us in coincidence with u is derived. We have
determined here two of the three angles determining the orientation matrix U.

Step 4: We make simulations of the Laue pattern obtained by rotating the crystal in such a way as
maintaining the prominent spot fixed in the experimental position. The correct orientation is obtained
when the correlation index is maximal. One can calculate this correlation index as the sum of the
product of the experimental image mask (a matrix with zeros everywhere except in pixels close to the
Laue spots with values equal to 1) with a calculated mask according to the calculated position of Laue
spots.

Indx-Algorithm 3

This algorithm is a variant of the previous one but many images can be used simultaneously. It is always
supposed that the unit cell is already known.

Step 1: As in algorithm 1

Step 2: As in algorithm 1

Step 3: From the list of vectors z, ae; (i=1,2 ... n), calculate the observed “star” of unitary vectors:
WUy =7 i/ Zaei | (1=12,..0)} (Indx-A3-1)

Step 4: Calculate the spherical angles (&, @) of these vectors and construct a rectangular matrix
indexed with a coarse grid on spherical angles and equal to zero everywhere except at angular positions
closest to the observed peaks are, for which the value are set to 1. For fixing ideas we can consider
angular steps of 1 degree, in such a case and disregarding instrumental angular limitations, the matrix
dimension are (0:179, 0:359) and let us call the set of observed angles {8, ¢}, in which we have taken the
near integer angle to the observed ones. The observed angular matrix is then defined as:

A, A =00if () e{0.4},; A,y =1lif (i) {06}  (Indx-A3-2)

Step 5: Generate a series of nodal reflection vectors (co-prime hkl indices) up to a given maximum
index. Calculate the Cartesian components with respect to the L-system of these reflections for the
standard orientation (Cartesian crystallographic system coincident with the L-system). Calculate the
corresponding ““star” of unitary vectors for the standard orientation:

{3y, =2,,/1z;1 (1=12,..m)} (Indx-A3-3)



and the corresponding spherical angles {6,¢}s ={6;,4; | j=1,2 ... m}. Different orientations can be
obtained by systematic applying a common rotation matrix to the above set of unitary vectors that can be
compared with the observed set.

Step 6: Generate a rotation matrix Ree corresponding to the spherical angles {®,d}r obtained from a
first rotation around the y, -axis of angle ® followed by a rotation of angle ® around the z _-axis. When
applied to the unitary vector {us}, the matrix Rege provides a new orientation of the crystal. This is
equivalent to changing all the calculated spherical angles as follows:
Rooll,; ¢, 3=1{0,; +0,4, ; +®} (j=12,..m) (Indx-A3-4)

From this set of spherical angles we can obtain a calculated angular matrix A,(®,®) with the same
procedure, using the same dimensions, as in step 4. The action of the rotation matrix Ree On the star
{us} is then equivalent to generate an angular matrix A.(®,®).

Step 7: Once the angular matrix has been constructed the correlation coefficient between the observed

and calculated matrices (using a step of 1 degree) is calculated as:
0=179,$=359

Z Ao,0¢Ac,9¢ (®’ CD)
r= 00,40 (Indx-A3-5)

~ 9=179,4=359 0=179,4=359

Ao,9¢ Z Ac,9¢ (0,)

6=0,¢=0 6=0,4=0

The obtained value is compared with a previous calculated value, rma, and if it is greater the values
(®,d), are stored together with the new maximum ryax.

Step 8: The steps 6 to 7 are repeated until a pre-selected grid of (®,d) is exhausted. Or a maximisation
procedure is applied. The orientation of the crystal with respect to the laboratory system is obtained at
the end, so the orientation matrix corresponds to rmax and (®,d),.
cos®, sin®d, 0) cos® 0 sinO,
U=Rg,e,)=|—sin®, cosd, 0 0 1 0 (Indx-A3-6)
0 0 1)\-sin®, 0 cos®,

With this orientation matrix we can attribute indices to the observed reflections and multiplying by the
B-matrix, the UB matrix is determined.



Appendix A

Detection of reflections in diffraction position for a monochromatic diffractometer equipped with
a 2D detector

We consider a simplified model of mosaicity for which each lattice point of the reciprocal space is a
sphere of radius r = 1/2 5 s, where 7 is the
ML mosaic spread expressed in radians and s is
the modulus of the reciprocal vector s. The
wavelength spread is in the interval
Z, between Amin=A-AA and Amax=A+AA. In
terms of x=AA/A the interval is [A(1-X),
A(1+x)]. The horizontal divergence of the
So/ A incoming beam can be represented by a
\i small rotation around the z, axis of o, and
the vertical divergence by a rotation of t¢,
around the x, axis. For a reciprocal lattice
vector that, in Cartesian components with
respect to the laboratory system, is denoted
by the vector z,=Q X @ z;, a beam can be

/A

min

Figure: Ewald spheres corresponding to a lambda detected if the diffraction domain intersect
spread of AA/A and a mosaic spread represented by the Ewald spheres at some point. See the
spherical lattice points above figure to see the effect of mosaic

spread and wavelength dispersion. The
conditions for getting some intensity diffracted by the lattice point z,, are easily deduced from the
figure:

2, =0QXdz, =QXPUBh

v:ﬁ+z4=u+§u
A

U=—=su :v(l—i)
vA vA

The vector du is along the direction of v joining the centre of the Ewald sphere to the centre of the
lattice point. It joints a point of the surface of the Ewald sphere (u-vector) to the centre of the lattice
point. We will have diffracted intensity if the condition:

Cl:  [u|<1/2 7|z

is satisfied. The du vectors can be calculated for the central wavelength, for Amin and for Amax. If for
some of these calculations we satisfy C1 there is diffracted intensity.

We can take into account the effect of horizontal and vertical divergence by applying the condition C1
also to the eight vectors:



Rz(an)za, Ra(-0om)za, Ru(ow)za, Ru(-aw)za, Rx(-aw)Ra(-an)za, Rux(ow)Ro(-am)zs
Rx('av)Rz(ah)Zm Rx(av)Rz(ah)Z4

A more simple calculation can be done by considering an average divergence « that may be added
quadratically to the mosaic spread. This provides an effective mosaic spread:

neff = \l772+a2

The condition C1 may be satisfied by more than a single vector, depending on the purpose of the
calculations we can label the different conditions if required. For calculating the characteristics of the
diffracted beam we have to use the reciprocal vector:
S0
s=u——
A

that can be calculated from the equations above.



