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Basic Concepts
diffraction case
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Distinction: Coherence versus Correlation

Coherence lengths and times are properties of the wavefunctions of
quantum particules/waves as scattered by a sample.

The coherence properties of neutron beams are determined by the
optics of the spectrometer or diffractometer.

Correlation lengths and times are parameters describing the structure
and dynamics of scattering centers in the sample, e.g. as expressed in
terms of a van Hove correlation function G(r, t).

In a neutron scattering experiment, the interference of neutron waves
scattered by the atoms of a sample leads to a Fourier transform of

G(r, t) to the measured S(q,®). The g-resolution and w-resolution of a
neutron diffractometer or spectrometer are inversely proportional to the
relevant coherence lengths and times, respectively.

If a neutron coherence length & is smaller than the corresponding
correlation length { (e.g. crystallographic grain size) of the sample’s
structure, then the diffraction experiment is g-resolution-limited.

And if a neutron coherence time T¢on is smaller than the corresponding
correlation time Torel (€.9- phonon lifetime) of the sample’s dynamics,
then the inelastic scattering experiment is hw-resolution-limited.
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Schematic of a diffraction measurement (mono-A)

ko 7
26 detector

collimation

20 = scattering angle

collimation sample

N

collimation

continuous
source

A detector counts all neutrons of incident wavevector k, and kinetic
energy E, that are scattered by a sample through a scattering angle 26
with wavevector transfer q = k, — k¢, regardless of energy loss

how = E, — E¢ , which in fact defines a diffraction measurement.
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The diffraction peaks get sharper in angle as the number M of parallel
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g /e Diffraction intensity for M crystal planes: (sin(pi*M*x)/sin(pi*x))**2
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Consider relative plane
wave amplitudes at t = 0:
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¢l ( ko rl+kf rl)

— (ko - kf) -Fj

e ‘ | | ‘ | | is the phase difference from
NSEAlaaM diffraction through q at r;.
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_ Classical: Amplitude squared = Intensity (e.g. power in watts)
pasic coneepis QM: Amplitude squared = Probability (e.g. per solid angle)

diffraction experiment

consiiaive bloiraico = QM waves consist of propagating probability amplitudes.

deriving do/dQ2

r scales For an incident neutron flux ® (n/s/cm?) and a detector cell of solid
(f;:;jf;f;m angle d2, the measured counting rate (n/s) diffracted by a sample is:
do/dS and van Hove

Patterson function

() = & %2 (q) a2

dQ

PR shovs s where the differential scattering cross-section dc/d<2, notably, is a
Ve I nviron FM function of q only, and must have units of cm? per steradian (str).
tscales For a sample of cross-sectional area S with respect to the incident
e beam, ®S is the number of neutrons per second striking the sample,
::;jj‘::;:"mj::s and thus we can rewrite the detector counting rate as:

correlated vibrations

@ = [08] [0 53 (@/s| = [08] Paan

&, Teon examples.

n localization? where P, 4q is the probability that a neutron striking the sample will

g scatter by q into a solid angle dQ2. = d6/dQ2 = (Pg.aq/dQ) S is a
scattering probability per solid angle x the sample’s cross-section S.

summary
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Since a probability is a number, and solid angles are also dimensionless

basic concepts

difracton experment (but not unitless!), then do/dQ must have dimensions of L2. In fact, it
s turns out that we simply square the scattered neutron wave amplitude:

r scales do - N -

;:;:fﬁ;m |Adet(q)|2 _ E(q) iq-r; —_ Zbibjf PR ,

d6/dS2 and van Hove 1)

Z"I,;( where q = k, — k¢ as before, and r; = r; —r; is the relative position of
oy atom i with respect to atom j, and * denotes the complex conjugate.
Py Since phase information is lost in an intensity measurement, we cannot
t scales deduce the absolute positions of the atoms directly from the diffraction
e s pattern, but only the relative positions. Furthermore, even if we included
TS the time dependence (—iwst) of the diffraction amplitude at the detector,
U the detection probability is constant in time (caveat: MIEZE technique):
: N

& Teon examples |Adet(q7 Zb e’q ri—ioft — Zb’b]* eICI-I‘/j —ioft +iort ,

n localization? i7j

spreading wavepackets

R TITIED where hwy = E; = (hkf)?/2m, and q-r;; is the relative phase difference
SUTHEY of the neutron waves diffracted via q by atom i with respect to atom j.

time permitting
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Length scales:
How big is a neutron wave?
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All neutron sources are incoherent
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There is no equivalent of a laser, ondulator or Xfel for neutrons. They
are emitted incoherently, i.e. no phase relation between each other.
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The surface of an entrance
slit for a neutron beam can
be considered as an array of
point-like sources that emit
neutron waves with
uncorrelated phases, but
whose amplitudes add up to
produce a common
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corlas s The initial wavefront is very jaggedy. After propagating a very short
s tons distance r 2 a, the wave’s phase remains ~constant (i.e. coherent)

Teoh In TOF-INS . . .
o over a very small transverse length d ~ rA/a separating new point-like
&t oxamples sources (shown at rs and r}) that propagate the wave iteratively via a

n localization? Huygen’s construction, leading to a progressively smoother wavefront.
r— A beam of neutron waves thus acquires transverse coherence simply
summary via propagation. (Figure: R. Géhler, et al, Phys. Rev. A58 (1998) 280.)
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Transverse coherence length from a slit source
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_ Consider 3 points of incoherent emission from a slit source. Let the

ael concents maximal angular disperson in x be Aky/k,. Each point source makes a

constncive nrteronce relative phase 0; = ¢; — ¢; between atoms at r; and r; in the sample.
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Ve, Wavepackets
convolution theorem
PDF{(r) shows & ko

D-W and TDS
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Maximal ¢; variation:
Aq)'/ = q)il'-,UP - ¢ij,d0wn

t scales

Teon Wavepackets

total scattering vs Bragg kuyp = ko + Ak, /2 S ; ‘ i = Ak)( . rl‘j =37

e omton i* . f = out of phasel!

correlated vibrations y

Teoh In TOF-INS 3 3 . i

NSE 41a OM In order for atoms i and j to contribute roughly the same relative phase

&, Teon examples

difference q - r; at a given k¢ over the full range of incident wavevector
reasng waepatets dispersion Ak, coming from the slit, their relative phase spread

QM undeterminecness A = Ak, -rj = Akyxj must be < 1, i.e. the maximal separation x;; of
STET atoms / and j must be < the transverse coherence length &, ~ 1/Ak.
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Consider 3 very closely spaced points of incoherent emission along z

basi t: . . .

— having a chromatic spread of AL/A = Ak, /k,. Each point source

s produces a relative phase ¢;; = ¢; — ¢; between atoms at r; and r;.

deriving do/dQ

r scales

Voon = Exy&z I
Gaussins and FTs Relative phases ¢;:

dc/dR and van Hove q)ichd - kred . r,‘/‘ = 737‘C

Patterson function k.. = Kk.—AK,/2 o -
Veon Wavepackets @Lﬁ ‘ ; : : : r i ; q)lj ,0 — ko . r/'j = 8TC
i i i i 1 i i
convolution theorem ! ! ! . 4 ! ! M — =
PDF(r) shows &, k, (l)lj,blue — kb]ue r// = 8.8
D-Wand TDS

—Z

Veon In neutron IFM { MaXImaI ¢/] Variation:
t scales @ = i o L
Koo = Ko+ Aka/2 1 NI A0 = Djblue — Diired

T Wavepackets

®ij= ke

Total Tca((ering vs Bragg = Akz “rj= 1.5m

e omton ARy = Pioue = Pirea = out of phase!

correlated vibrations = Ak.* r; = Ak.z;

rocanon In order for atoms i and j to contribute roughly the same relative phase
o camptes difference q - tj; at a given Ky over the full range of incident wavevector
etz Ak, due to AL/, the relative phase spread A = Ak, -rj = Ak,zj
QM ndetormineness must be < 1, i.e. the maximal separation z; between atoms / and j must
summary be < the longitudinal coherence length &, ~ 1/Ak,. (Teon = &2/ vg)

time permitting
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Coherence volume for Aq = Ak, — Aky

What we did for incident waves with Ak, coming from a source, we also
have to do for scattered waves post-selected by Ak; (i.e. ag collimation
and possibly an analyzer crystal) going towards the detector, simply by
letting time run backwards producing a total spread Aqin q.

= Aq Ak~ Akg Since ko is not || kr,
Aq = Ak, — Aky will
depend on g-space
focussing aspects a la
Caglioti, but in the end
for a final measured
g-resolution Aq of the
diffractogram we have
Eq~1/Aqasthe
coherence length || q.

* = nucleus

AK,

The (g-dependent) coherence volume Veon = ExE) &, for &, ~ 1/Aqy,
& ~1/Aqyand &, ~ 1/Aq;,. The ~ factor depends on whether "A”
represents a standard deviation 6 ora FWHM = 2,/In(4) 6 =2.35G.
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Gaussian functions and their normalization

Gaussian functions can be normalized to unit area or to unit amplitude:

1

Garea(X) = m exp(—x2/2cs)2() Gampl(X) = exp(—x2/2c7)2()
~+oo

= Garea(X) dx =1 Gampl (X =0) = 1

—oo

where: var(x)

DN6833178D9

gkt

EUTSCHE BUNDESBANK
ZEHN DEUTSCHE MARK

JY¥YW FHOSLNIA NH3Z
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(1-D) Fourier Transforms: x <+ k, @ <> t

Application of the Fourier integral to a function in n dimensions leads to
a factor of (1/21)". Two successive applications therefore returns the
original function multiplied by (27)” which needs to be absorbed by a
prefactor somewhere. Mathematicians prefer to share this factor equally
between the FT and the inverse FT:

FT[f(x)] = F(k) e ™ dx

;
= 7/
FT'[F(K)] = f(x) \/27n/+wF e dx

Whereas physicists, for some reason, prefer the following convention:

FT[f(x)] = F(k) = [ :w F(x) e dx
FT'[F(K)] =f(x) = 21n / + F(k) e dx

So, how do physicists know where to put the factor of 1/21 ?
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Henry E. Fischer

I Consider the following two Gaussian functions in x-space and k-space:

diffraction experiment

constructive interference 1

dering doj a2 Garea(X) = ——= exp(—x%/262) Gampl (k) = exp(—k? /26%)
r scales o OxV 21 ¥ e g
Veon = ExEy &

Gaussians and FTs

T The FT of a Gaussian is a Gaussian with 6,6, = 1, and in addition,
Patterson furcon when we apply the physicist’s convention for FT and inverse FT:

Veon Wavepackets
convolution theorem +o0 i
Sl FT[Gyrea(X)] = / Garea(X) €™ dx = Gampi(k)

Vean in neutron IFM

t scales FT~' [Gamp] (k)] =

T Wavepackets

1 [t .
o Gampl (k) €™ dx = Gyrea(x)

total scattering vs Bragg

correlated structures

stac pprosimaton Garea(x or k) is useful as a convolution (e.g. resolution) function.
e Gampl(x or k) is useful as a modulation function (e.g. D-W factor).
i’;‘“"Tam"‘es . For F(k) = FT[fea(x)], then F(—k) = F*(k) = Friedel’'s Law.

n localization?

anmamans FTfealeven(X)] = cosine-transform = real-valued F(k).

SUTET) FT[feat,0dd(X)] = sine-transform = imaginary-valued F(k).

time permitting
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As a amplitude?, the measured differential scattering cross-section

basic concepts

diffraction experiment 2 d (0} iq~r; N * /q~l’r
constructive interference |Adet(Q) | = d7f2 (q) = e = Z bi b/ e
deriving do/dQ i

r scales is sensitive to only the relative positions r; = r; — r; of atoms in the
o y i j

. sample. Let’s define a scattering-length density function b(r):

d6/dS2 and van Hove N i N .
e b(r) =Y b 8(r—r) suchthat | b{r) &¥dr =) b€
convolution theorem i T i

PDF(7) shows &, which allows us to write for R=r—r':

D-Wand TDS 2
= {/b(r) e’q'rdr} . [/ b*(r') e"q'rldr’]

oone\a(eds(rucﬂ{res // b( b*(r (r— v dr dr _ //b(R—l—l‘)b*( )elq RdR dr

static approximation

Veon in neutron IFM

e dr

t scales

correlated vibrations

i . / [/ b(¥' + R)b*(r) dr’} €TRdR = FT[ Gy(R) |

, Tean €Xamples R r

n localization?

spreaing avepacits where Gb( ) (b*b /b r+R b*(r dr = Zb/b* 7rij)
SUTITE) is the autocorrelation function of the scattering-length densnty b(R).

time permitting
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Ignoring factors of b;, 21 and other normalisation factors (N atoms):
Atomic position operators: R;(t), Rk(t), Rj(0) = R;, Rx = R; —Rx.
Atomic density operators: p(r, t) = ¥;8{r —R;(t)},

basic concepts
diffraction experiment

constructive interference

doring /2
recales Pa(t) = FTe[p(r,1)] = ¥, exp[—iq-Rj(t)]

S The time-dependent pair-correlation function: N - G(r, t)

o = Julp(r,0)p(r +r.1)) dr' =%,k (8{r — R;(t) + R«(0)})
- The intermediate scattering function: N- I(q,t) = N-FT[G(r, t)]

roryom = (Pa(0)p—q(t)) = X k(exp[—ia - R;(0)]exp[-+iq- Rk (t)])

Vo ineton i The dynamical structure factor: S(q,®) = FTy[/(q,t)] = FTy:[G(r, t)]
A The static pair-distribution function: g(r) = G(r,0) — &(r)

e = (1/N)- Lj2(8{r = Ri}) = FTq[S(q) — 1] ~ PDF(r)

s aproxmaton The static structure factor: S(q) = /(q,0) (i.e. instantaneous positions)
—— = /77 8(q,0) do = (1/N) - ¥, «(expliq- Ri]) = FTy[g(r) — 1]
e s The Patterson function: N- G(r, =) (i.e. time-averaged positions)

n localization? = [(p())(p(r +r)) dr = N-FTq,[S(q,0)] (ie. elastic)
P where the averaging brackets (...) represent a thermal average.

summary G(r,t), g(r), S(q, ), S(q) are real-valued, but /(q, t) can be complex.

time permitting



Pl Autocorrelation and the Wiener-Khinchin theorem

Henry E. Fischer
We have seen that the measured differential scattering cross -section

basic concepts

diffraction experiment dG
LI S0(a) = FTG0)], Golr / b(r +r)b*(F) dF’ = Zb,b 3(r—r;)

deriving do/dQ l
r scales is the FT of the spatial autocorrelation of the scatterlng-length density of
S the sample, where Gp(r) — PDF(r) is a Pair-Distribution Function.

do /5 and van Hove This is a special case of the Wiener-Khinchin theorem which states that
Z"L;. the power spectrum of a structure or process is the FT of its

oy autocorrelation function. Another example: the density of phonon states
O-W and TDS DOS(m) is the FT of the atoms’ velocity auto-correlation function in time.
Vean in neutron IFM ~ Position (¢ and 1) Shift, r = r"""L

t scales ! B ;

- A ﬁ For two atoms Aand Bina 1-D
Teon Wavepackets A A, A 0.05a . . .
ot saterig v Bragg <__ periodic structure, the autocorrelation
correlated structures. £ a/ . e .

. o1 P(r) of their positions will show a strong

peak when the displacement r equals

static approximation

correlated vibrations

Teoh In TOF-INS
NSE2la OM the period, and secondary peaks when
&, T examples .

° requals ra —rg or rg — ra, i.e. at all
n localization? a . .
ey relative distances between atoms, such

. b ! " " .

eIV, MR o ka that P(r) becomes a symmetric and
summar’ = \_/\ 1 1 1 H

v periodic function of the displacement r.

Shift(r) —

time permitting



LUl The Patterson function as prelude to PDF(r)

Henry E. Fischer

basic concepts
diffraction experiment
constructive interference
deriving do/dQ

If the phases ¢(hkl!) of the structure factors F(hkl) were known, one

r scales

Lot could calculate the scattering length density function p(xyz):

d6/dS2 and van Hove l +oe

Patterson function ——— =2milhx+ky+lz—¢ (hkl)]

plyn) = > IF(hkD . e

convolution theorem hicl

PDF(r) shows & —co X . L .

O-W and TDS and thereby deduce the atomic positions x, y, z within the unit cell. By
Veon in neutron IFM . . . . . .
o using instead the measured intensity /(hkl) o< | F(hkl)|? in the Fourier
scales . . . . .

p—— series, we eliminate ¢(hk/) and obtain the Patterson function P(uvw) of
s Yo S all interatomic distances (u = x; — X, v = y; — yj, W = z; — z)) rather
stai approxmation than of all absolute atomic positions in the unit cell:

correlated vibrations

Tean in TOF-INS 1 =

P(uvw) = Z |F(hkD)|? . cos 2 [hu + kv + [w]

£, Teon examples et

n localization? ) =% . L . .
sproadng wavopackts A radial average of P(uvw) produces a 1-D pair-distribution function
SHrsaemaesnes P(r) based solely on elastic Bragg peak intensities, thus representing

summary

the sample’s structure as averaged over space and time.

time permitting
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The Patterson function as prelude to PDF(r)

Henry E. Fischer

elastic

4T do Bx g
basic concepts P(UVW) — G(I‘OO) = FTq — ( ) F‘Tq[ ‘F(hk/) ]
diffraction experiment NGU"‘ dQ coh
constructive interference
dering o/ Although P(uvw) has the same unit cell as the crystal’s, it contains a
r scales high density of peaks and is by definition centrosymmetric. In 2-D:
Veon = &8y &2 ;i " >
Gaussians and FTs
d6/dS2 and van Hove
Patterson function o ® (X Yy 20)
Veon Wavepackets ® (%, 1, 2)

convolution theorem

PDF{(r) shows &

D-W and TDS Crystal Crystal e Patterson
Vou nneston P(uvw) is proportional to the product of the scattering lengths of the
t scales pair (or pairs!) of atoms separated by u, v, w, helping to determine their

Teoh Wavepackets . . g ”
e chemical identities. An “average atom” sits at (uvw) = (000):

correlated structures

static approximation
correlated vibrations o
Teon i TOF-INS .
L
NSE ala QM
Patterson

&, Teon examples Crystal Crystal

n localization?

reaing wavepackts As P(uvw) sees only relative distances, it has a center of inversion and
TR all its symmetry operations have zero translation, leading to higher
SHET symmetry than the crystal lattice and only 24 Patterson space groups.

time permitting
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basic concepts
diffraction experiment
constructive interference
deriving do/dQ

r scales
Veon = ExEy &z
Gaussians and FTs
d6/dS2 and van Hove
Patterson function
Ve, Wavepackets
convolution theorem
PDF(r) shows &,
D-Wand TDS

Vean in neutron IFM

t scales
Teon Wavepackets
total scattering vs Bragg
correlated structures
static approximation
correlated vibrations
Teoh In TOF-INS
NSE alaQM

& Teon xamples

n localization?
spreading wavepackets

QM undetermined-ness
summary

time permitting

Gaussian wavepackets

A wavepacket W(x,t) propagating along x can be formed by summing
up plane waves whose amplitudes are a (narrow) Gaussian function of
k. Ignoring normalisation factors of ¢ and /2w, we can write:

oo

W(x,t) = [ : A(k) e® 10t gk A(k) = exp(—(k — ko)?/252)

where A(k) effectively spreads or convolves by a width 6, an otherwise
&(k — k,) monochromatic distribution in k. The resulting wavepacket
moves with group velocity Vgroup = dw/dk, and at t = 0 is given by:

W(x,0) = L(x)e™o* L(x) = exp(—(x — x,)?/2062)

where the modulating envelope L(x) is also Gaussian with 6, = 1/0x
and represents the spatial localization of the wavepacket amplitude at
t = 0. For wavepackets of probability amplitude, the localisation of
probability in x- and k-space is given by L2(x) and A?(k), respectively,
being Gaussian functions both narrowed by a factor of \/2, such that:

0,20, =1/2 = ze(sz:AXA,D:h/Z

in accordance with the Uncertainty Principle.
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Building up a wavepacket in space

Henry E. Fischer
Consider only three waves having a +/- 5% spread in k. We see that
they become completely dephased after only 4 or 5 periods.

basic concepts
diffraction experiment

constructive interference

deriving do/dQ 3 T S
Neutron waves (real part) at t=0: k =k,—5%
r scales K = k
:ﬁn:;aya;n exp(ikx—iat) for k, = 2173.6nm K= k0+5°/(:
aussians and FTs 2

D-W and TDS

Vean in neutron IFM

d6/dS2 and van Hove
Patterson function
Vean Wavepackets
convolution theorem

PDF(r) shows &, 1
t scales 0 \ / / \ \
Teon Wavepackets /
total scattering vs Bragg
correlated structures
static approximation 1

- 4

correlated vibrations

wave amplitude

Teon i TOF-INS
NSE ala QM

&, Teon examples

n localization?

spreading wavepackets

QM undetermined-ness 0 5 1 0 1 5 20
summary X (nm)
time permitting




LSOl Building up a wavepacket in space

Henry E. Fischer
Now consider a discrete distribution of only 5 waves whose amplitudes
are a Gaussian function of k with 6, = 0.05 k.

basic concepts
diffraction experiment
constructive interference
deriving do/dQ2 T T

r scales Gaussian distribution of amplitudes around k, = 2173.6nm, oy = 5%k,
Veon = Ex&y &2

G ians and FTs

oot e A(K) = expl-(k-k,)%/20,2] where Ak (FWHM) = 2.35 * g,
Patterson function

Veon Wavepackets 1
convolution theorem
PDF(r) shows &,
D-W and TDS

Vean in neutron IFM

UL A
= Lion

T Wavepackets

total scattering vs Bragg

wave amplitude
o
— ™
—< —

correlated structures

static approximation -1
correlated vibrations

Teoh In TOF-INS

NSE ala QM

&t examples 5 Wavepacket(x) = SUMy; [ A(k)*exp(ikx—iwt) ]: for t=0

n localization?

spreading wavepackets
QM endeterminodness 40 50 60 70 80 90 100 110
summary X (n m)

time permitting




LSOl Building up a wavepacket in space

Henry E. Fischer
We see that adding up that Gaussian distribution of 5 waves leads to an
impressively smooth localisation envelope having 6, = 1/0.

basic concepts
diffraction experiment

constructive interference

deriving do/dQ r .
r scales » L(x) = expl-(x-x,)%/20,7] {\m Wavepacket(x) ——

Ve = £ Lx) — ]

Gaussians and FTs 0y = 1/0 = 11.46 nm i
d6/dQ and van Hove X, = 72 nm (1=0) (localisation in x)
Patterson function o

Veon Wavepackets
convolution theorem
PDF(r) shows &;
D-W and TDS

Vean in neutron IFM

t scales

T Wavepackets

wave amplitude

total scattering vs Bragg

correlated structures

static approximation

correlated vibrations
Teon i TOF-INS
NSE ala QM

BranemmtD ) A(K) = exp[-(k-k,)%/26,7] L(x) = FT[AK) ]
n localzation? |k =2m36nm, o =5%k, | U /

0
spreading wavepackets

QM undetermined-ness

40 50 60 70 80 90 100 110

summary X (nm)

time permitting
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basic concepts
diffraction experiment
constructive interference
deriving do/dQ

r scales
Veon = Ex&y &z
Gaussians and FTs
d6/dS2 and van Hove
Patterson function
Vieon Wavepackets
convolution theorem
PDF(r) shows &,
D-Wand TDS

Vean in neutron IFM

t scales

Teon Wavepackets
total scattering vs Bragg
correlated structures
static approximation
correlated vibrations
Teoh In TOF-INS
NSE alaQM

&, Teon €xamples

n localization?
spreading wavepackets

QM undetermined-ness
summary

time permitting

The Convolution Theorem (physicist’s convention)

The convolution of two functions f(q) and g(q) is given by:

f(@®9(q) = (fe9)(q) = / (') 9(q—d')dq’

—oo

where ¢’ averages over g-space (NB: g — ¢’ — g+ ¢’ for correlation).

The convolution theorem states that the Fourier Transform (FT) of a
convolution is the simply the product of the Fourier transforms:

FT[f(q) ®9(q)] = FT[f(q)] FT[g(q)] = F(r) G(r)

so that a convolution in g-space gives a modulation in r-space, and
vice-versa of course. Likewise the FT of a modulation

FT[f(q) 9(q)] = FT[f(q)]®FT[g(q)] = F(r)® G(r)

is a convolution of the Fourier transforms. For example, a g-resolution
function for the measured diffraction intensity, leads to a r-space
modulation of the PDF(r). And the D-W factor as modulation in q leads
to a convolution (i.e. broadening) of the peaks in PDF(r).



Pl Some useful rules of thumb for Fourier Transforms

Henry E. Fischer

The FT of a Gaussian with standard deviation G is also a Gaussian but

basic concepts

i ez with standard deviation 6, = 1/6,4. And since:
deriving do/dQ
r scales HWHMq:FWHMq/QZ \V4 In(4) Gq:118 Gq

Veon = Ex&y &2

Gaussians and FTs . . . . .
R then the FT of a Gaussian of width FWHM,, is a Gaussian of width
Patterson function

Veon Wavepackets

comvolton thaorom FWHM, = 4In(4)/FWHM, = 5.55/FWHM,

PDF(r) shows &,

P and therefore not 2n/FWHM,. A sharp resolution function of small

t scales FWHM, for the diffraction data will therefore lead to a broad or gentle
e s modulation of large FWHM, for the PDF(r).

::f?::,::"mj::s Note that for data of finite gmax, the FT of the Heavyside step function is
veeamon sinc(r) =sin(r)/r having FWHM, = 3.79/Gmax

&, Teon examples

“:°°j';za"‘;”°w so that the theoretical PDF(r) should be convolved with sinc(r) before
QM undeterminedness comparison to data. This is the source of the “low-r wiggles” in the FTs
summary of diffraction data, which in fact exist around all sharp peaks in PDF(r).

time permitting
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r scales
Veon =&x&y &z
Gaussians and FTs
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Patterson function
Vean Wavepackets
convolution theorem
PDF(r) shows &,
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Vean in neutron IFM

t scales

Teon Wavepackets

total scattering vs Bragg
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static approximation
correlated vibrations
Teoh In TOF-INS

NSE alaQM

€, Teon examples

n localization?
spreading wavepackets

QM undetermined-ness
summary

time permitting

The measured PDF(r) for a nickel powder sample

Like the Patterson function, PDF(r) = FT[dc/d€2(q)] but including also
diffuse and inelastic scattering. For an average g-resolution (D4@0.5A)
of: Ag =FWHM, = 0.092 A=, the neutron coherence length is:

&, =FWHM, = 5.55/FWHM, = 60 A, .e. HWHM, =30 A.

20 T T T T T
Ni data before deconvolution
15 coherence volume envelope of FWHM = 60 A ——— .-
10 -
:01-5 5 T e
a —
0 { Afln {\Mﬂﬂ ﬂﬂﬂ ﬂ MANAA A /\JJ\VQQH% Ny
h I UUU G| [P RV
-5 il b o

-10
0 10 20 30 40 50 60
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Debye-Waller factor and Thermal Diffuse Scattering

Henry E. Fischer
Increased amplitudes of atomic vibration u at higher T lead to broader

eslB CIMESD time-averaged “thermal clouds” of atomic positions that reduce Bragg

diffraction experiment

e peak intensities via the Debye-Waller factor: exp[—((Quy - u)?)]:
deriving do/dQ 160000

r scales UG atT=25C ——
Vo =B, 6 140000 UO,atT=300C —— |
Gaussians and FTs U02 at T - 900 C

d6/dS and van Hove

Patterson function 120000

Vean Wavepackets

convolution theorem g 100000
PDF(r) shows &, >
D-W and TDS <
Vean in neutron IFM 3 80000
o
t scales £
Tn Wavepackets T 60000

total scattering vs Bragg

static approximation

correlated structures
40000 l

————

Q
RN BN

20000 / g Y = e

€, Teon examples

correlated vibrations

0
n localization? 0 2 4 6 8 10 12
spreading wavepackets q (A_1)

QM endeterminodness The lost intensity becomes Thermal Diffuse Scattering (TDS) at the

summary

base of the Bragg peaks.

time permitting
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The Debye-Waller factor in g-space

Henry E. Fischer
_ NB: For a cubic crystal: {(Quq-u)?) =2W = ¢?(u?)/3.
ael concents The D-W factor is therefore a g-space modulation that reduces the
e et amplitude of a Bragg peak without affecting its width, thus reducing its
integrated intensity. The Bragg peak positions naturally shift to lower g

r scales
Ve =& as the lattice expands at higher temperature.
Gaussians and FTs 55000 r r r
d6/dS2 and van Hove /_\ U02 atT=25C ——
Patterson function 50000 L \ U02 at T - 300 C -
Veon Wavepackets
convolution theorem 45000 UO,atT=900C —— |
PDF(r) shows &, / \ \
D-W and TDS
Vo nuton 40000 \ \
£
t scales % 35000
Teon Wavepackets < {\ \
total scattering vs Bragg 3 30000

: S
correlated structures c
static approximation : 25000

CA
correlated vibrations = / / \ \ \
Tn in TOF-INS 20000
NSE alaQM / / / \ \
& Tuon examples 15000 e

n localization? '—/J / M< v—/
) 10000 S
spreading wavepackets ’/
QM undetermined-ness .
5000
summary 7 71 7.2 7.3 7.4 7.5 7.6 7.7 7.8

i1
o ad™
ime permitting
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The Debye-Waller factor in g-space

Henry E. Fischer
The D-W factor’s (Gaussian-like) modulation of intensity in g-space,

bar:° GEECED i.e. reduction of Bragg peak intensity especially at higher T, is

conetrctve ersrancs particularly noticeable when diffraction data are taken up to high-q:
deriving do/dQ 60000

r scales UO,atT=25C ——
Ve = &8 B UO,atT=300C ——
Gaussians and FTs 50000 UO,atT=900C ——

d6/d9 and van Hove
Patterson function
Vean Wavepackets 40000
convolution theorem

PDF{(r) shows &,
D-W and TDS

Vean in neutron IFM

30000

t scales

1(q) in counts/min

Teoh Wavepackets

total scattering vs Bragg
correlated structures S

n
o
o
o
o
—

static approximation

i

correlated vibrations 10000 |

“aa NTOF NS — W YR v

NSE alaQM

&, Teon examples 0

n localization? 0 5 10 15 20 25
spreading wavepackets q (A_1)

X T Such reduction in signal at “high harmonics” in g should, after Fourier
SHITHET) transform, lead to broader features in r-space.

time permitting
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The Debye-Waller factor in r-space

Henry E. Fischer R . .

The convolution theorem states that a modulation in g-space leads to a
basic concepts convolution in r-space (and vice-versa), such that the the D-W factor
diffraction experiment

S — broadens the peaks in PDF(r) according to the vibration amplitudes of
g dofe the corresponding atomic pairs, while preserving the peak areas which

I

B are proportlonal to (generally constant) coordination number:

Gaussians and FTs U02 at T 25 C

dc/dQ and van Hove 12 A ]
Patterson function UOZ atT=300C ——
o " osarT=sfoc —
PDF(r) shows & 8

Veon in neutron IFM 6

o

t scales < h

T wavepackets c 4 A A
total scattering vs Bragg S

correlated structures E 2 A A

static approximation o A I

conelated viratons 0 ‘\ Aj I /ﬂ \VV

Teon i TOF-INS

NSE ala QM -2 ¥
IRVARIRAVR
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n localization? U \/
spreading wavepackets -6 \

QM undetermined-ness V
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summary 0 2 4 6 8 10
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V.on effects in neutron interferometry

Ex: Sample-as-phase-shifter in the standard=dispersive configuration:

coherence
volume

~10um T

— |—

~1nm L

Sample’s refactive index:
n=1-A2Nb./21 < 1
when the coherent
scattering length b, > 0.
Within the sample of
thickness D, k, = nk,
and the group velocity
Vp = fiky/m = nv,.

Consider an incident neutron wavepacket that is split at the first
interferometer blade. For a central plane wave exp(iko - F — i®ot),
continuity of phase at the interface requires that ®, = ®, and that

kn,| = Ko,|» Whereas both k; and v, change at the interface, leading to
refraction and a transversal (1) separation of the two wavepacket Vcon's
at the exit, even though they have have no longitudinal (—) separation,
and both sample-induced phase shifts DAk, remain equal. However,
a rotation by € will change differently the longitudinal (and transversal)
projections of D along the two paths, such that the two V,,,’s may no
longer superpose at the exit, regardless of their relative phase.



Eee =l Measuring and calculating &jong in neutron IFM

e S e Bragg reflection from the perfect Si crystal IFM blades assures that the
b:m CREFHE FWHM Egans ~ 1/ AQgragg is very long, here estimated as 10 um. The
et e effects of the incident beam’s FWHM angular dispersion Ak/k ~ S/L,
oo calt from slits of width S = 20 mm placed L = 1.5 m upstream of the
'vsci'z;z sample, are therefore concentrated longitudinally, such that the FWHM
j:\;:r::::::ve (t,]ong =2In(4)/Ak =0.44 1 L/S = 6.33 nm, where A = 1.913 A.

Pattrson uncion = Here are data for a bismuth sample as phase-shifter of thickness

Von vaepaciets D ~ 10 mm, for the above configuration of the S18@ILL interferometer:

1=0

convolution theorem
PDF{(r) shows &
D-W and TDS

Vean in neutron IFM

120009y = 27x27

t scales
Teoh Wavepackets
total scattering vs Bragg

correlated structures

static approximation

intensity (counts/10s)

correlated vibrations . oo e g .
IEASEEENEERTER I3
T I TOF-INS 2000 . .

NSE alaQM |(ISD° 1I65° 1;0" 1I75° 1;0” |é5° 1‘90”
& T examples . . L . .

" As each oscillation or “fringe” represents a distance A, the measured
localization? . . .
R FWHM &, = 32.5 fringes x A = 6.22 nm, which agrees very well with
DB TS theory. In terms of standard deviation: Giong = élong /2.355 =2.64 nm.

smmen (See: H. Lemmel & A.G. Wagh, Phys. Rev. A 829 (2010) 033626.)

time permitting
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Time scales:
How quickly does
a neutron wave scatter?



[l Replay: Coherence volume for Aq = Ak, — AKy

Henry E. Fischer
_ A g-resolution function of FWHM Agq convolves the diffraction intensity,
oaslo concepte meaning PDF(r) = FT[do/dQ(q)] is modulated by a FWHM &, where

diffraction experiment

prneenens - EaAq=4,/In(4) =555 = &;=5.55/Aq defines a coherence
. length or “visibility distance” of the sample’s structure as measured
Vo =58y along g and characterized by a structural correlation length.

Gaussians and FTs .
d6/d9 and van Hove

L) Ag= Ak~ Aky

Vean Wavepackets 3 %

Patterson function

Since ko is not || k¢,
Aq = Ak, — Aky will

convolution theorem

PDF(r) shows & —-q =kf - kO

porin seve depend on g-space

Vo i nviron FM K focussing aspects a la
t scales Caglioti, but in the end
o vavepackels * =nucleus

for a final measured
g-resolution Aq of the

total scattering vs Bragg
correlated structures

static approximation

oo e Ak, diffractogram we have
Teon in TOF-INS el

NSE 2la QM O gq = 555/Aq as the
. ko y coherence length || q.
n localization? AN N L %

spreading wavepackets ) Seoo- .

T e But what about time dependence and the spread in ®, = E,/h?
SUTIELT) = Sum over all ®, and ®y for each neutron-scattering atom in Vcqp.

time permitting
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Building up a wavepacket in time

Henry E. Fischer
Consider only three waves having a +/- 3% spread in ®. We see that
they become completely dephased after only 7 or 8 periods.

basic concepts
diffraction experiment
constructive interference
deriving do/dQ 3 T

Neutron waves (real part) at x=0:

T
W= wy—3%

W=w, ——
W= Wy+3%

r scales
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Gaussians and FTs 2
do/dS and van Hove

Patterson function
Ve, Wavepackets
convolution theorem
PDF{(r) shows &
D-W and TDS

Vean in neutron IFM

t scales

Teon Wavepackets
total scattering vs Bragg
correlated structures |

static approximation

wave amplitude
o -
>

correlated vibrations
Teon i TOF-INS
NSE ala QM

R E{ = hbartey; = 2.7 meV, AJ = 5.5 A
n localization? Vo = 0.65 THz, 1, = 1.53 ps

spreading wavepackets
QM undetermined-ness
0 2 4 6 8 10 12 14
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ESHSl Building up a wavepacket in time

Henry E. Fischer
Now consider a discrete distribution of only 5 waves whose amplitudes
are a Gaussian function of w with FWHM, = 0.01 ®, = 2.35 G,.

basic concepts
diffraction experiment
constructive interference

deriving do/dQ T

T T T
I Wavepacket(t) ——
r scales 2 L(t) ]
Vo=t T R
Gaussians and FTs {localisation in time)
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Veon Wavepackets 1
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e o » E, = hbarw, = 2.7 meV, A, =55 A
nloca.tlization? - ”””” FWHM, = 1%, 0, = 1/0,,= 57.3 ps

QM undetermined-ness 0 40 60 80 100 120 140 160
summary t (ps)
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ESHSl Building up a wavepacket in time

Henry E. Fischer
We see that adding up that Gaussian distribution of 5 waves leads to a
time localisation of 6; = 1/06, = 57.3 ps for the neutron wave.
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Adding up intensities over all V.o, and Teon

So far, we have written the differential scattering cross-section as:
do A . -

Zb,- el = Zb,-bj’-‘ e'9"i for N sample atoms ,

i i

@ =
but now we understand that the phases ¢ = q - r; will be washed out by
the spread in Aq = Ak, — Aks unless r; fits inside a Von. In addition,
the phases ¢ = —mt (not shown) will be washed out by the spread
G ~ O, + O, IN O = 0, — 0 after a time T.op = 6; = 1/0. Within
Veon @and during T.on however, the scattered neutron wavefunction will
contribute its probability amplitude coherently to the detector where its
square becomes a probability for detecting a neutron at a given q and
with a counting rate proportional to dc/d€2(q) and the incident flux &.
If the structure within V. has evolved during Tcon, then the probability
of detection at q will represent the V on-local structure as time-averaged
over Teon. These probability (or intensity) contributions to dc/d€2(q)
are then added up incoherently over all the V.o, in the sample’s volume
and over all the T.on during the duration of the data acquisition. But we
prefer to keep the above expression for do/d€2(q) as summed over all
N atoms and simply smear it out a bit according to the g-resolution.
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How elastic is a Bragg peak?

Henry E. Fischer
It all depends on how well the (inelastic) Thermal Diffuse Scattering
(TDS) can be subtracted away from the base of the Bragg peaks before

basic concepts

diffraction experiment

e et integrating their intensities, which in turn depends on monochromaticity
 calos AE, as well as g-resolution. Powder averaging of Bragg peaks will sum
Ve = B8 over all E,, and for 1% FWHM in E, = 25 meV, we can use the

Gasssns A FTe Uncertainty Principle to estimate Tcon = 6; = 11/26E, ~ 3 ps.

d6/d9 and van Hove
Patterson function

WrmEEE D 196 EFFECT OF TEMPERATURE VIBRATION i Even for high-resolution x-ray
oy o o powder diffraction, the sharp
oW and oS e 0T cusps of 1st and 2nd-order TDS
Vean in neutron IFM - .
\ \ can be difficult to fit+subract

t scales /| /] e
EapTv—. : /Y A w from the superposed Bragg

ing vs Bra \ / ~ . .
ST \, / \/ peak intensities. Of course
s spmATaton everything is easier at low-T
correlated vibrations 2 21 2 4 .
e nTor s \ ‘0" ’ T ”l"m where TDS is weaker, or for
NsEase o B e e single crystal diffraction since

€, Teon examples )
Fig. 1117 The first-order and second-order TDS for the powder

clement, 33 3 funcion of = Guyans - or - 1 er'acc  the (hkl) peaks are much more

ization?
n localization? LII,Nffe*M(2M)?/2. The first-order TDS peaks rather sharply at the positions of

spreading wavepackets the various Bragg reflections. Separated in g-space.
QM undetermined-ness
summary (Figure: B.E. Warren, X-Ray Diffraction (1969) p196.)
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Total scattering vs Bragg intensities (time scales)

A diffraction pattern integrates over all sample-neutron E-transfers:
do Eo c Kk
= d(how)— — N S(q,0) ,
[ die) - &N s(@.0)

diQ(q)
= AEf ~ AE ~ E, and Teop = At ~ 1/(2AE) ~ 1 fsfor h=0.5 A,
thus representing a quasi-instantaneous “snapshot” of the sample’s
local structure, as ensemble-averaged over coherence volumes.

meas

E [meV]
Energy transfer (meV)

6
0 05 10 20 3.0 4.0
Momentum transfer (A™")

Qi
Rietveld refinement of elastic Bragg peaks disregards the inelastic
scattering containing information about dynamic atomic correlations
(e.g. phonons) and represents the sample’s time-averaged structure.

Scattering intensity
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Total scattering vs Bragg intensities (length scales)

Henry E. Fischer

_ In addition, the refinement of diffraction intensity only at Bragg-peak
ael concents positions neglects the inter-peak diffuse intensity, which when elastic
consructie interfrence represents time-averaged or static local atomic correlations.

deriving do/dQ

1800 )
r scales SQw) 1600
Veon = &8y &2 1400
Gaussians and FTs ; 1200
d6/dS and van Hove Elastic & 1000
Patterson function 2
Veon Wavepackets ) Inelastic 2 800
convolution theorem (alr:‘(le_lsa‘s;::es) Quasielastic (Stokes) E 600
PDF(r) shows & 400
D-W and TDS 200
Vo Inneutron FM 0 ho (meV) ° 10 20 30 40 50 60 70 80 90
t scales 20
s - By neglecting the diffuse intensity between (and “under”) Bragg peaks,
p—
cortelated sructures Rietveld refinement additionally performs a spatial average over each
R neutron coherence volume, resulting in a time+space averaged picture
funiore of the sample’s structure, which is very useful for crystallography.
o camptes By retaining all the original information in the differential cross-section
nlocalzaton? (do/d2)(q) measured via diffraction, total-scattering represents an
EETNEETE
QM undetermincness ensemble average of quasi-instantaneous snapshots of local structures
summary (i.e. within each neutron coherence volume) throughout the sample.
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Substitution of A vs B atoms on a square lattice

Henry E. Fischer

basic concepts Disordered Structures
dmzmlp.“:e‘ Partial cross section of 200x200 unit cell model crystals
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r scales

Veon = ExEyEz
Gaussians and FTs
d6/dS2 and van Hove
Patterson function
Vieon Wavepackets
convolution theorem
PDF(r) shows &,
D-W and TDS

Vean in neutron IFM

t scales
Teoh Wavepackets

total scattering vs Bragg

static approximation

correlated vibrations

Teoh In TOF-INS . .

NSE ala QM Random position of A B atoms Non-random position of A B atoms
&, Teon examples

n localization? Properties of the two crystals will differ

spreading wavepackets

QM undetermined-ness

(courtesy of R. Neder).
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Bragg: sees an average atom at each lattice site

Henry E. Fischer
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deriving do/dS2 Bragg reflections see the global picture,
reits the average structure, i.e. just one averaged unit cell
Ve =888
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Diffuse: sees all correlations between A & B atoms

Diffuse scattering to the rescue

¢ Diffuse scattering sees the local picture,
¢ the deviations from the average structure, ‘
¢ the local (approximate) periodicity on a short scale

Continuous unstructured Modulated diffuse
scattering scattering

(courtesy of R. Neder).
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Magnetic diffuse scattering & spin-spin correlations

Henry E. Fischer

Zero orientational correlations between spins are achieved in a purely
basic concepts

sitacton xperment paramagnetic state, but partial orientational disorder can look a lot like
s e orientational order at first glance in r-space, but not in g-space where
 calos diffuse scattering is very sensitive to deviations from perfect (dis)order:
;u:f ;i; s Order Random disorder Partial disorder
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) e Gus
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How disordered is “disordered” ?

A completely “disordered” system has no positional nor orientational
correlations between scattering centers (atoms, molecules, magnetic
spins), leading to an isotropic diffraction pattern /(q). However, zero
positional correlation can be hard to achieve, even in the case of the
minimal constraints of the Percus-Yevick hard-sphere fluid potential:

L L L BN BN
3r ]
[ 1 S(q)=<1(q)
T 2r 1 R = nhard-sphere radius
n [ 1
1L 1 m = packing fraction
[ | . | (courtesy of Wikipedia)
O L1 I T R T L1
0 25 5 7.5 10

qR
Even at low densities 1, diffraction detects correlations, i.e. some
structural “order”, revealed by the shape of the diffuse scattering.



ol The static approximation for total scattering

Henry E. Fischer
_ When the incident energy E, exceeds the maximum possible energy
ael concents transfer fiomax between the scattered neutron and the excitations in the
e et sample, and for €(E¢) = 1, it is perfectly valid to use the static
approximation to derive the differential scattering cross-section for

r scales

Vs =855 diffraction as a function of q only (note that q < ko = k¢/ko ~ 1):

Gaussians and FTs

dc/d2 and van Hove dG Wo—ro0 ca N

Patterson function I B ¢

e varsa Jo(@=/do N ~ S(a,0) = < ) b > = <Z bib; €' "> ,
convolution theorem ij

PDF(r) shows &,

. at t = 0, where b; is the scattering length of the i atom at position r;,

¢ scales and r; =r; —r;. The (...) represent a thermal average and the

Son wavepackets horizontal bars an ensemble average over the different possible
i coherence volumes within the sample, each having a particular

S sppo Tl assignment of scattering lengths in the case of neutron diffraction.

fu nTOPNS = (do/dQ2)(q) measures an ensemble average of quasi-instantaneous
ISE ala QM

R p— snapshots of local structures (i.e. within the neutron coherence volume)

n localization? throughout the sample volume over the duration of the data acquistion.
spreading wavepackets

QM undetermined-ness The extracted elastic integrated Bragg peak intensities provide however

summary only a time+space averaged picture of the structure.

time permitting
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Vibration modes seen by Rietveld vs PDF-analysis

Whereas Rietveld refinement gives time-averaged distances between
atomic pairs, PDF-analysis of total scattering sees an ensemble
average of quasi-instantaneous atomic positions and relative distances:

Correlated vibrations Anti—correlated vibrations Libration mode

. | . | . | | . thermal
i i i i

atom "a" . atom "b"

i i i i
| | | |
':'"~‘, -r--  thermal ,—':'"~‘, -r-e

) < : ) < ) atom "a"
-y ~-r- clouds -1 - ~-r- ‘
| | | | The time—averaged position of
[ |

atom b is the barycenter of its
Rab, Rab Rab, Rab banana—shaped thermal cloud,
which is closer to atom a than
any instantaneous position:

Rab (too short) < Rab (correct)

Rietveld-refined Rab = PDF-analysed Rab
for both correlated and anti—correlated vibrations,
but Rietveld’s time—averaged thermal clouds

cannot distinguish between the two cases. PDF(r) will show a sharp peak
PDF(r) will however show a broader peak for for the a—b and a—c atomic pairs
the a—b atomic pair in the anti—correlated case. but a very broad peak for b—c.
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Effect of correlated atomic vibrations at low-r

Henry E. Fischer
At short interatomic distances the peaks in PDF(r) are sharper and
basic concepts

oo taller (conserving area o coordination number) as compared to the
constuctve ntrtrence neutron coherence volume’s FWHM ~ 60 A for the D4c diffractometer:
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RSGSl T, in pulsed/chopped TOF-INS, indirect geometry

Henry E. Fischer

Consider a chopper or pulsed moderator that emits a “white” beam of
neutron waves during —7/2 < t < 4T /2 that are received at two times
CEREHDIE G ty 2 ty, with & = t; — t,, by the sample placed a distance L, away.

basic concepts

diffraction experiment

deriving do/dQ

For nominal emission at t = 0 and reception at {,, the neutron wave’s

r |

vsca::‘iiz group velocity v, = L, /t, and kinetic energy E, = ho, = mv§/2.
o Emission at +7/2 and reception at t, by the sample then leads to:
Patterson function LO T T m L2
Vean Wavepackets Ve = ——— =~ v (1 _ 0L ~ 0,(1 —) for , = —9
convolution theorem + t + T/2 O( + 21, ), + O( T tO) ° 2htg

PDF{(r) shows &

DWand DS Waves emitted at distinct dt within £7/2 have ®_ < mq; < @, as well
as uncorrelated phase offsets ¢q; that cancel out for the phase

rscilespk difference seen by the sample at t, vs t1: Adgr = 0ar(ts — t,) = ©q;d.
sy e a9 = We want the spread in this phase difference over ®_ < 0g; < ®; to
SE———— be maximally 1 rad = (©4 — ®_ )dnax = A®Smax = Omax2T 0o/t = 1,
e thus defining Teoh = Smax = to/(2T®,) = I/ AEes for AEes = hA®,
e where considering only phases has lost the factor of 1/2 in the U.P.
 localization? NB: This T.on increases with f, since the pulse appears increasingly
G instantaneous, just as we saw that &, increases with increasing
S propagation distance from a slit as it appears increasingly point-like.
s (Ref: T. Keller, et al, Physica B 234-236 (1997) 1121.)

time permitting
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Neutron spin-echo (QENS case): QM description

Schematic of a longitudinal, static-field neutron spin-echo experiment:

slower nominal v, faster

Spins: > < —_—> > T
k, k¢
X fw] [cone] @ [Lme ]| (R ][
Ao/ Sample
~3% N SN I N [N i X
Vion: | ARSI S N
! ! ! ! ! ! ! w!
H Em— H
Teon=N/AE, TNSE St = OTygg / O,

where as usual: q = ko, — kf and hw = E, — E;, and we’ll assume

Ly =Ly, = L, By = By = B for the quasi-elastic scattering (QENS) case.
After a 3% velocity selector, an incident neutron wavepacket is

polarized vertically along x, which can be represented as the sum:

1 1 (1
We) = b = (41900 = 1]

of 6, spin eigenstates which then non-adiabatically acquire different
potential energies and hence via energy conservation also different
kinetic energies in the Bj field, due to the Zeeman energy splitting:
hoy, = 2hw, = 2u,B = hy,B, where ¥, is the neutron’s gyromagnetic
ratio, such that the neutron’s magnetic moment u, = Y,h/2 = Y,hS.
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NSE: Phase differences between |+), and |—),

An initial kinetic energy E, = mv§/2 with group velocity v, leads to a
nominal transit time f, = L/ v, through the first coil. Within B; however,
these quantities change for states |+), and |—), to first order in v:

hw, o= L ~ £$IN£’ for Tgg = 2hmgL
mvy Vi Vo 2 mvy
where Tnsg is thus the difference in arrival time of |[+), and |—), at the
sample position, and thus also the difference in starting time for their
scattered waves of energy Ay, resulting in a net phase difference of
Adgelay = WoTNSE — OFINSE = —WTNsE at any position after scattering.

Due to continuity of phase upon entering and exiting the potential
of a coil, the oscillation frequency ®, or ®r (for each component of the
wavepacket) cannot change, but nevertheless |+), and |—), accrue
different relative phase differences within the 1st and 2nd coils:

07 = korL kol 0z, = 801 =07 — 07 ~20,L/vo

0 =kisL R KLF 0ztr = 802 =0F — 05 ~ —20,L/vs

1 1 20,L 20,L
= 801+ = ZQ)ZL(VT) — Vf) ~ Vg Av = mvg

Thus cancelling perfectly the Adqeray at the detector position!

Ve RV

AE = +OTNsE



RSNl Arrival of both NSE wavepackets at the detector

Henry E. Fischer
The |+), and |—), wavepackets are in phase at the detector position,
Laslclopeens but their V.on envelopes are time-shifted by e.g. 8t(hw, B,L) = 9.2 ps

diffraction experiment

S — A2 Ot = Teoh = 9.4 ps. NB: AE,/Ey = AW,/ 0 = 2ANo /Ao = 6.1 %.

deriving do/dQ2 : : .
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summary 5 X ",
arrival time at detector position (ps)
time permitting



[SASl NSE: QENS = wavepacket overlap at detector

Henry E. Fischer
The time delay &t between the two wavepackets at the detector results

basic conicepts from the difference in nominal group velocities v, vs vy within the coils:

diffraction experiment

constructive iterference 3/2
deriv:ng ;u/d(ﬂﬁ 8 — ~ Vg — Eo/

t = TNSEo —WNSEf ~ INSE(1——3 ] = WNsE| 1—— 72
r scales Vf E f
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Veon Wavepackets
o To assure sufficient time overlap of the |+), and |—), wavepackets at
D:W and TOS the detector, we require 8t(®) < Tcon for all Aw of interest:
Veon in neutron IFM
t scales ho AE,

3 3 o 0

Tn Wavepackets =T — < —— = STNSE —— O, = 3TN E——— O < 1
e 2 NSEp" ~ Ap, T 2 NSETE T Tmax SETY, A
correlated structures
staic apprexinaton otherwise one must adjust e.g. B>L, so as to satisfy the resonance
correlated vibrations
£un inTOFNS condition TnNsg,o = ’CNSE £ for some central value V¢, depending on the
— h® = Ef — E, = mvi® — Jmv2 of interest, and then go to the next v;:
&, Teon €xamples. 0
n Ioca.llization? 2h0)zL 2hYnB1 I_1 B2 L2 B1 L1
spreading wavepackets TNSE — 3 — 3 = TS = 73
QM undetermined-ness m Vo m VO Vf VO
summary

which allows to do large hm inelastic scattering with neutron spin-echo.

time permitting
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NSE/QENS: Scattered intensity of |[+), and |—),

Generally Tcon < Tnse 2 10 ns, such that the scattering by atom R;(t)
of [+), at t =0, and of |—), at t = TxsE, is quasi-instantaneous. Since
all other phase factors cancel out in the QENS case, we can write the
final neutron wavefunction’s amplitude and its detected norm-square as:

elar R;(0)

|‘|ff = \[Z[ iq-R;(t) :| and ‘Wf = \/’Z 7Iqu eiiq.Rk(t)}

efq-Rj(O)

1N . .
N A2(q,f) = (yf|yy) = 2;<[elq.Rk(0) e*lq.Rk(t):I {eiq-ﬁj(t)]>
/s

Z<e iq- Rk(O)e/q R;(0) +e —iq-R(t) /q R;(t > Z<e/q (Ri— Rk
/ k
= N- 5(q), i.e. the static structure factor, which could be much more
easily measured by a diffractometer. Here we have made use of:
the atomic position operators R;(t) and Rk() commute for t; = t
between atoms j and k, and the thermal average < ... > includes a
time average, such that equal-time correlations are the same at any t.

(Ref: R. Gahler, et al, Physica B 229 (1996) 1-17.)
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NSE/QENS: Polarization analysis of |+), and |—),

Instead, let's measure the vertical polarization of |yy) along x just
before the detector, since |y,) was |+),. NB: the time dependences of
|[+), and |—), produce a QM version of Larmor precession in the
B fields. The expectation value of the polarization operator Gy is:

N

1 o s 0 1] [eaR;(0)
(Wrlox|wr) = 22<[e ig-Rk(0)  o—iq Rk(f)} |:1 O] |:eiq~R,-(t):|>

j,k

eiq-Rj(t)

N
_ Z< [ —igq-Ry (0 e*/q.Rk(t)] l:eiq'Rf(O)] > (ox has flipped |yr))
k

2
Z<e—lq Rk (0) gia-R;(1) Jr Z —ia-Rk (1) gid: Rj(0)>

= Si(a, ) S, —t) = Fi(a, 1)+ ”/*(q, t) = N-R[/(q,1)]

all for t = Txsg since only then will [+), and |—), be in phase at the
detector for all i, as we have seen. Hence, a final polarization (cy)
measurement in NSE gives directly the real part of the otherwise
complex intermediate scattering function /(q,Tnsg). Again we used

the homogeneity of time-correlation averages: (Tnsg,0)t = (0, —TNSE)t-

(See also: R. Golub, et al, Am. J. Phys. 62 (1994) 779.)



ol Typical values of &, T for real experiments
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Considering the &, T.on and A’s to represent ~ Gaussian FWHMSs:

basic concepts

_2in(4) M _ 555 _ 5
P Ex.SANS IFM = Ak 0.44-, Eq.diff = Ao &z.mono = 0.44+
r scales

lesan I _ 2hw,L  2u,BL _ &z.mono
mammaes O 50T~ mizT NET Tmg T g 0T Ty,
coton e 1) SANS: A =10A, S=1cmatL=20m= &, sans = 8800 A.
v 2) Diffraction: Agyes = 0.03 A= on average = &g aifr = 185 A.

Ve Innouton 3) Monochromator: A = 1.82 A (v, = 2174 m/s), AA/A=1%

r1scalae:acms = E_;z,mono =80 A: Tmono = 3.7 PS.

wasmamesen  4) Backscattering from perfect xtal Si: A = 6.28 A (v, = 630 m/s),
::;j?:::::;::s AA/L =5 x 1076 = &z,mono =55 um, Tmono = 88 ns.

cerleed rtors 5) TOF instrument: T =10 us, Lo =5m, A =5 A (t, = 6.3 ms),

P = Tror = 63 ps.

— 6) Velocity selector: A =5 A (v, = 791 m/s), AL/A =10 %

n localization?

spreading wavepackels = &z,mono =22 A: Tmono = 2.8 ps.
awmwenmesres  7)NSE: A =5A (v, =791 m/s),L=2m, B=0.2T,
summary Un=—9.65x10"2" J/T = 1Tnsg = 9.3 ns.

time permitting
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Localisation: When and
Where is the neutron wave?



FSSSS  Try ocalising neutron wavepackets to Vgop

Henry E. Fischer
Y(r,t) = probability amplitude for the propagating neutron's presence
basic concepts

:‘on"'::‘c’:;"::r':‘:’:‘m [¥(r,t)|> = probability of finding
deriving do/d%2 * ( ’ N F H \ the neutron at position r at time t

r scales r h ‘ f f

Vn =B 6 N | \ | | ‘ ‘ ‘ ‘ ‘ ‘ ‘\‘ H “ w w ] i Propagation direction:
T ‘ﬁ HHN | \ ‘ ‘ H (‘HJ ‘\ I M\ B

no A b mvevetr
P LR R RO \\‘ W

oot e H | | | ]! ky = [kl = 21/,

PDF(r) shows &, " ’ ‘ ‘ “ " ’ |

Veew in neutron IFM l E, = ho, = h2k02/2m

t scales

A, Bt P spread in wavelength:

conltd iuctres <«—— coherence length &~ 100 A ——» AML = AkKk ~ 1%
. Consider a Gaussian neutron wavepacket of incident 2mq and k, to be
i localized to its coherence volume Vo = E4E,&, at t = 0, and which
n'k::anza’;on? propagates with group velocity vy = d®/dk = &§/Tcon. In principle,
R different neutrons would then scatter from different V.o, somewhere in

Qi undeterminedness the sample, each V.o, comprising a few 100,000 atoms, thus averaging
S diffraction intensity over isotopes, spin-states and local structures.

time permitting
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e concepts All electromagnetic waves propagate with the same ¢ = do/dk = o/ k.
P For matter waves however, E = hm = 7i2k? / 2mis quadratic in k, such
e e that the group velocity v, = dw/dk = fik/m. Therefore, the higher k

© eales components of a propagating neutron wavepacket will outpace the

Vn =B 6 lower k components, leading to spatial spreading, i.e. delocalisation

S et (but NOT to an increase in longitudinal coherence length).

d6/d9 and van Hove
Patterson function

For a Gaussian thermal neutron wavepacket initially localized to 100 A,

Vean Wavepackets

:’D":‘)"“:"‘"Zem this envelope doubles in = 1 ns, and after 2 m of propagation, the
DWandTos wavepacket is already ~ 2 cm long (laterally it spreads more slowly).
Veon in neutron IFM

t scales _8>

T Wavepackets ":}\—)‘ N

total scattering vs Bragg

correlated structures _)I r__

i
static approximation

correlated vibrations

Teon i TOF-INS

NSE ala QM

&, Teon examples.

Figure 1.1 Real part of a neutron wave packet traveling in the x-direction with group
velocity vy and phase velocity v,. The imaginary part of the wave packer is complementary.
The diagram is drawn for Akfk = 0.1. Thanks to Robert Dimeo, NIST

n localization?
spreading wavepackets

QM undetermined-ness

summary (Figure: Rauch and Werner, Neutron Interferometry, 2nd Ed. (2015) p5.)

time permitting



RSGS \Why is /., not already a localized wavepacket?

Henry E. Fischer . . R R R

In localizing a wavepacket at a particular point in r or t we effectively
TP EREED assigned constant absolute phases (])l’-‘ and (l)j‘-”, to the component plane
diffraction experiment

e waves j that are integrated up to form the wavepacket. A different
e ge/e choice of phases would have localized it to a different (r, t) point.

r scales

Ve = B8y 8 oLt -ontonizal /] I | et . ] Lid ﬁ ‘W ;’ | re‘nﬂwavepawm —

Gaussians and FTs 0 = 1o, =11.460m | / wcatsabning) | ” Nl H I ‘ ‘ ‘L Jexpl-12207] atx=0

d6/dS and van Hove X = 72 1M (t=0) A\ I L ‘ | "J M ‘ [ 3= vusehare,

| ‘M\ WL A

Patterson function \ \H\ HH\\‘ !“(“ H]H [HH l\y ‘,‘\ “\‘\H\ ‘U‘ (\ \

Ve wavepackets R e L R Y| " L( N

convolution theorem (E; o LA H AP é . MH ‘ W 'M “H U\ ﬂw(w\ A

PDF(r) shows &; g ) i AN g M M ] M M M H m H I v

DWandTDS : I g M \‘ \k‘ I u‘\ ! 14 U I ‘J !

Ve in neutron IFM ! " ki T womers,
. ZU l H U | | ‘ ‘ U L}Ah&ﬂgzﬁmev,xn 55A

t scales o | A = el 20, L =FTLAK)] R thol . 220,

Teon Wavepackets ko= 2n3.6nm, 0= 5%, | V ! i L FWHM = 6.1%, 0, = 110, = 9.40 ps

total scattering vs Bragg 40 50 60 70 80 90 100 110 -10 -5 0 5 10 15 20 25 30

TS x (nm) arrival time at detector position (ps)

statc approsimation To relocalize the otherwise spreading wavepacket as it propagates, the

. phases ¢/.k,¢;” need to be continually retuned. The coherence lengths

QSE?"“’”‘ and times, on the other hand, do not depend on these absolute phases,

B

 localization? since we consider only the spread in the phase differences for each

e plane wave between 2 positions (o) or between 2 times (Tcon), such

QM undetermined-ness

that the absolute phases cancel out completely. = &, and Tcon have
no localization, but rather exist everywhere and always.

summary

time permitting
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All neutrons have the same wavefunction W(r, t)

Y(r,t) QM plumbing

input flux @

tector
11

Y(r,t) as a probability
amplitude is determined by
applying Schrédinger’s Egn
to the neutron optics and the
sample’s G(r, t). The flux ¢
simply "populates” W(r, t)
with neutrons that contribute
statistically to the same
measured do/dQ2dE.

We know ® and we measure do/dQ2dE at the detector as a neutron
counting rate, but the “trajectories” of the neutrons are undetermined.
All detected neutrons have “inhabited” the same W(r, t) wavefunction
“plumbing” that results from summing probability amplitudes over all
atoms, Ak and hw (leading to coherence volumes and times).

Each detected neutron at a given k; and Ey is therefore statistically
representative of the entire sample’s S(q, ®). In other words, all
detected neutrons have “seen” the same “everything”.



ol The CIA principle of Quantum Mechanics

Henry E. Fischer
Standard US policy asserts that CIA agents should be provided with

basic concepts . . . .
d,ﬁ;a,onexpe,,mem sensitive information on a need-to-know basis only.

constructive interference

derving /a2 Nature assures that an element of information about a quantum system
el exists on a need-to-exist basis only, otherwise it remains undetermined.
Veon = Ex&y

Gm;n The state of a QM system remains as undetermined as possible
e (“QM coherence”) until it interacts irreversibly with a macroscopic
B environment (“QM decoherence”), e.g. via a measurement, which then
POF() shows &, determines the nature of its information content. (e.g. W. Zurek, et al).

D-W and TDS

Vean in neutron IFM

The Uncertainty Principle conserves the total information content of a

A QM system, allowing redistribution among non-cummuting observables.
oo s When a property of a QM system is undetermined, this does not mean
S s that we simply do not know its value, but rather that its value does not
funiore exist (Copenhagen Interpretation). This important distinction can lead

& v oxamples to real differences in predictions of experimental results (Bell Inequality).
n localization?

S In the case of an undetermined property of a QM system, we must sum
S ndeformined nees over all possibilities for that property in order to predict the outcome of
S experiments (e.g. Feynman’s } . pais formulation of QM).

time permitting
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The interpretation of Quantum Mechanics (Ex.)

A diffraction measurement of do/d<2 does not probe the trajectories of
the neutrons, and therefore this information does not need to exist, and
thus remains undetermined. Caveat: Weak interactions with air
molecules, etc, can decohere particle wavefunctions, potentially leading
to some localisation information.

In neutron diffraction, the sum over all possible energy transfers hw for
detected neutrons leads to a very short coherence time, but the
postselection by an analyser crystal placed before the detector results
in a much longer coherence time, since a gain in E; information leads to
a loss of time information via the Uncertainty Principle.

A neutron in a spin-left (along y) state contains no information about its
spin along z, which is therefore completely undetermined, since this
information does not need to exist. A measurement of S, by the
environment/apparatus then produces a purely random result as the
new spin state, and the spin-left information no longer exists.
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The interpretation of Quantum Mechanics (Ex.)

The information of a double-slit interference pattern is converted

(e.g. partially or completely) to which-path information when
measurements are performed to localize the quantum particle, or simply
when one path is more absorbing than the other. Again, the Uncertainty
Principle assures that total information content is conserved.

An electron in an atomic orbital eigenstate has a definite energy E, but
its position at a given time is completely undetermined. All information
is concentrated into an exact value of E. If however the energy state
has a finite lifetime 7, then this (weak) time information reduces slightly
the E information content via the Uncertainty Principle, such that a
spectral line broadens as AE ~ /7.

In an Einstein-Podolsky-Rosen (EPR) experiment, the total spin
information content of the two-particle (entangled) state is simply that
the spins are antiparallel, but the spin axis itself remains undetermined
until a measurement is made, i.e. until information is exchanged with
the environment.
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Summary:
Coherence and Correlation
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Structure depends on time and length scales

An amorphous material has short-range order, but no long-range
order, implying a small structural correlation length Cg;.

Even in a “perfect crystal” with long-range average order, the
atoms are moving thermally, such that the “structure” depends on
both time and space. The atomic displacements (e.g. for a
phonon) are thus characterised not only by a (g, but also by a
structural correlation time Ty, aka lifetime or relaxation time.

A fluid (liquid, gas) can have a very short Ts < 1 ps.

The structure of a system/material must therefore be defined with
respect to given length and time scales, and also specify whether
any averaging over time, space or ensembles is considered.

A structural measurement probes the structure of a system over a
certain range in space and with a certain time resolution, and
scattering methods along with their analyses may also involve
statfistical averaging over time, space, or ensembles.
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Coherence volume = spatial range of measurement

By applying simple geometry to the addition of neutron wave amplitudes
as scattered by nuclei in a sample with a g-spread of Aq = Ak, — Aky,
one can define a coherence volume Vgonh = &x&,&, within which neutron
wave amplitudes can be added up roughly in phase.

ATTN: A naive application of the Uncertainty Principle 8x - dpx = /2
(likewise for y and z) to Gaussian neutron wavepackets seemingly
permits to interpret dx as the “undetermined-ness” of a neutron’s
position in the sample, thus localizing it to a volume 8x 8y 6z which
could be identified with the coherence volume V., but this view is
invalidated by the strong spatial dispersion of such matter wavepackets.

The coherence volume V.o, is effectively the reciprocal of the g-space
instrumental resolution volume VAq = AqxAq,Aq; for which both
upstream and downstream neutron optics need to be considered. The
better the final g-space resolution that convolves the diffraction pattern,
the greater the coherence volume as modulation envelope or “visibility
volume” delimiting the range of structural measurement in the sample.

For a FWHM g-resolution of Aq in dc/d<(q), the PDF(r) obtained by
FT has an r-range of FWHM, = §q = 4In(4)/Aq = 5.55/Aq.



Pl Coherence time = time resolution of measurement

Henry E. Fischer

bacio concepts The atoms within Von witness a spread hA®, in the incident neutron

difracion experiment wavefunction energy, as well as a (possibly much larger) spread hAwy

P in the scattered wavefunction energy arriving at the detector, leading to
a total spread in neutron-sample E-transfer of A”A® ~ hA®, + hA®y.

r scales

S For ® = w, — o per usual, the (inelastic) scattering phase difference
do/af2and van Hove 0 = —ot will evolve differently in time for different @ components within
Patterson function . ) ) .
WrmEEE D the energy resolution G, ~ Oy, + O,, leading finally to a dephasing

convolution theorem
PDF{(r) shows &,
D-W and TDS

Ao = o,t 2 1 of ® components after a coherence time Teon ~ 1/G¢-

During T.on the time-dependent wavefunction amplitude is summed up
(approximately) coherently, leading to the square of a time-averaged

Vean in neutron IFM

t scales

o vavepachels amplitude as the detection probability of neutrons by the detector. We
total scattering vs Brag . . .
T can therefore also think of T.. as the “duration” of the scattering event.
oo e The better the energy resolution AE = A of S(q,®) or do/dQ2(q)
T nTone (or of an extracted part of it such as integrated Bragg peak intensities),
& examplos the longer the coherence time T.o. In this case we may also apply the
nllocalization? Uncertainty Principle: Teon ~ i/ (2AE) ~ 1 fs for total-scattering with
spreading wavepackets . .

o o hot neutrons, and T.cn ~ 3 ps for Rietveld refinement of Bragg peak

BRI  intensities with thermal neutrons, compared to Tphonon ~ 0.3 ps.

time permitting



Coherence &
Correlation

Henry E. Fischer

basic concepts
diffraction experiment
constructive interference
deriving do/dQ

r scales
Veon = ExEyEz
Gaussians and FTs
d6/dS2 and van Hove
Patterson function

. .
If time permits

convolution theorem p L] L] -
PDF(r) shows &,

D-W and TDS

Vean in neutron IFM

t scales
Teoh Wavepackets
total scattering vs Bragg
correlated structures
static approximation
correlated vibrations
Teoh In TOF-INS
NSE alaQM

&, Teon examples

n localization?
spreading wavepackets

QM undetermined-ness

summary



[SMal Atomic PDF-analysis: FT of a powder diffractogram

Henry E. Fischer
Disordered, nano-structured or reduced-dimensional crystals

basic concepts

iacion experimont often lack sufficient long-range order to produce sharp diffraction
P peaks. It is then advantageous to sacrifice g-space resolution by
r scales using short wavelengths to provide a high gmax and thus better
S r-space resolution Ar = 3.79/Gmax after Fourier Transform (FT)
e andan e of the diffraction pattern taken as dc/d{2 — self_scattering.
- The resulting Pair-Distribution Function PDF(r) is the distribution
oy sevete of relative interatomic distances with respect to an average atom
o zrtenifY at the origin (i.e. an ensemble of quasi-instantaneous local

O structures # the time+space averaged structure from Rietveld).
st s 69 Instrumental g-space resolution Aqg determines the neutron’s
coherence volume seen as an envelope that modulates and limits
N“;“W:‘.T;;E“S the spatial extent of the PDF(r) via fmax = (5.55/2)/Aq.

& e sampes NB: The PDF(r) is not the output of structural refinement, and is
e therefore a model-independent result that can of course then be
R used as input for structural modelling/simulation in r-space, thus
SURMEL) concluding the technique of (atomic) “PDF-analysis”.
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Case of a monoatomic sample (only one Z2)

In neutron scattering, a monoatomic sample can have a distribution of
scattering lengths b;, but there is no correlation between b; and the
structural environment of r;. The ensemble average over coherence
volumes then leads to an expression (units of barns/str/atom) involving
a g-dependent coherent term and an isotropic incoherent term:

1 dc —2 — 2

v | S@| = Fs@ + @-5)

where the sample’s average scattering length b = b.op, the scattering
cross-section 65 = 4mb2, and (?—52) = var(b) is simply the variance
of scattering lengths throughout the sample. = Incoherent scattering is
merely the consequence of ensemble-averaging over the coherence
volumes within the sample. The alternative expression:

1 | do
N [dQ q)
comprises a “distinct” term (interference between different atoms) and a
“self” term (self-interference from individual atoms).

= In x-ray diffraction (XRD), there is no isotopic incoherent scattering,
but x-ray scattering lengths are g-dependent, i.e. there is a form factor.

}— b [S(q)—1] + b2
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Case of a monoatomic sample (cont’d)

The static structure factor (dimensionless) is then given by
S(q) = fo[0)) S(q’w) - N<Z elq.rfi>
- i.f

and reduces to a real-valued sum of sinc() functions:

s(q) :/1\/<ZN: 5'”(%)>

iy (ary)

in the case of conical Debye-Scherrer diffraction from an isotropic
sample (e.g. powder, polycrystal, liquid, glass) for which

9= la| = (4m/1) sin(6)

and 26 is the diffraction angle with respect to to the incident beam.
Finally, for an incident flux ¢ and a detector cell of solid angle d<?, the

measured intensity (counts/s) from an isotropic sample is given by
doc
I(g) =% —(q) dQ
(@)= _(a)
which, notably, is a function of g only.
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t scales BZS(OW

Teoh Wavepackets — — 2

total scattering vs Bragg b2—b" = biscon

correlated structures 0 }

static approximation 0 "’275 /rinlemmmic Q
correlated vibrations

;:E‘::’;;“S Lack of long-range order, i.e. a short structural correlation length Cg,
R p— leads to broad peaks in the diffraction pattern for a glass/liquid, as

n localization? opposed to sharp (resolution-limited) peaks for a crystalline powder of
e much greater (. In addition, Teop ~ 1 fs < Tgy ~ 1 ps = time scale of
STTERY atomic displacement in a liquid, providing a “snapshot” of its structure.

time permitting
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Real-space functions (monoatomic case), PDF(r)
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Fourier transform gives the pair-distribution

basi t . . . .

= function g(r) which is proportional to the

ensnanemereence  probability of finding an atom at a distance r

deriving do/dQ ..
from an average atom taken as the origin:

glr)

r scales
Veon = Ex&y &z

Gaussians and FTs 1 DO .
L o)1= g [ alS(@) - Tlsin@) dg o

Patterson function

A}
(or nm)
Ve Wavepackets

cnaulnteeen i gddition to the density function D(r) (also  p
PDF(r) shows &, o

owana o called G(r)) used for “PDF-analysis” 0

Vean in neutron IFM

t scales PDF(r) = G(r) = D(r) = 4mrpo [g(r) — 1]

T Wavepackets

{otal scattering vs Bragg v, slope = - dmrp, hal

correlated structures 2 {or nm}

_ / q[5(q) —1] sin(qr) dg -
0

correlated vibrations TC
Teon in TOF-INS
] as well as the radial distribution function:

&, Teon examples

n localization? RDF(r) = 47‘[r2p0 g(r) T - I (A)

spreading wavepackets n f2 (or nm)

QM undetermined-ness 210 3A

whose integration across peaks yields atomic
coordination numbers.

summary
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Case of a polyatomic sample (several 2)

In a polyatomic system, the chemical affinities of n different atomic
species Z,, necessarily leads to a correlation at atomic sites r; between
the structural environment and the average scattering length bg. This
correlation prevents a proper definition of a dimensionless S(q), but the
scattered intensity can still be expressed as the sum of a distinct term
(the interference function F(q)) and a total self-scattering term:

1 [do d B no__
~l55@| = Zcoccﬁbocbﬁ [S(XB(Q) —1] + Zcocbzoc )
N [ dQ «p =

where ¢y, is the fraction or concentration of atomic species Z, and the
partial structure factor (PSF) Saﬁ(q) is the Fourier transform of the
partial pair-distribution function (PPDF) gyg(r), which is in turn

proportional to the probability of finding an atom of type Z3 at a
distance r from an atom of type Z, taken as the origin:

0up(r) 1= gz~ [ 1Sunl(@) 1) sin(ar) .
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Atomic distributions in glass/liquid versus crystal

Henry E. Fischer

Liquid/Glass : Crystal :
basic concepts
diffraction experiment . . . . . .
- ..... ...Q 000000
deting ac/a O 00 000000
Q0 ¢ 0¢ o OEMENE

r scales .... .. . .'... . . .
B, 00 9202% °® 0.0.0 0 0.0
i 000 ¢ 2000 000000
i 0" 0,0 @ 0.0 0000
0¢0%g 00 @ OO0
Vean Wavepackets ] .. ... .. .'...‘......
convolution theorem (@) .0 .". '. 000000
PDF(r) shows &,
D-W and TDS
Veon in neutron IFM
t scales
o vavepackets PPDE (1) PPDE (1)
total scattering vs Bragg
correlated structures
static approximation
cnrre»\al:;:::zuons r T
e These partial PDFs or PPDFs (e.g. from NDIS) represent an ensemble
n localization? average of quasi-instantaneous spatial correlations between red and
GG green atoms: more specifically ggr(r) is proportional to the average
QM undetermined-ness e . . .

probability of finding a Red atom at a distance r from a Green atom.
summary
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Coherence volume for an incident quantum

For each particle/wave emitted by an incoherent source of transverse
FWHM size H by V, scattered by a sample at a distance L and then
detected, purely geometric considerations impose a limit to the size of
the scattering region within the sample over which a given quantum’s
scattered (from different atoms) amplitudes can be added coherently.

Assuming for convenience a Gaussian wavepacket for the incident
quantum (e.g. x-ray or neutron), the Uncertainty Principle can be used
to relate the standard deviations of its position and wavenumber:

0x;0kj = 1/2  since  Ox;dp; = h/2

where the dimensions j = h, v are transverse to the incident beam while
j = lis parallel (i.e. longitudinal). In terms of FWHM for the wavepacket:
4In(4) 5.55
= = =
2 5= Ak

& Ak =

where the mutually orthogonal coherence lengths &; are the FWHM
dimensions of the (roughly ellipsoidal) coherence volume Veon = ExEE)
from which the quantum scattered somewhere in the sample.
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V.on for an incident — scattered quantum

The Ak; are given by the collimation FWHM'’s (small angle approx.) and
by the monochromaticity (FWHM AA) of the incident beam:

2n H,V 2n AA
Akpy = — — d Ak = — —
= ™ T
and thus the 3 coherence lengths:
In(4) L L A
= A —— = 044 A— d = 0.44 A—
Shy T HV gy wd b AN

increase as the collimation and monochromaticity improve.

NB: In general, the sample-to-detector optics (e.g. 03 collimation) also
contribute to the instrumental resolution function of the diffraction
pattern. In spite of occuring after the scattering event, such a
post-selection of the scattered quanta leads to additional and
complementary expressions in the above formulae for &;.

In the simplistic case of a constant-ish FWHM resolution of Aq for the
final diffraction pattern, the FWHM coherence length in the diffraction
plane of the scattering vector q is simply §; = 5.55/Aq.
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g-space versus r-space representations of data

Henry E. Fischer
Diffraction data at high gmax show decreasing Bragg-peak intensities

eslB CIMESD due to the Debye-Waller effect (thermal averaging of atomic positions),

diffraction experiment . . R .
RS from static disorder, and also because of limited g-space resolution:
deriving do/dQ T T T T

~ diffraction data

r scales 1 b \ .

Ve =EE s D-W factor & static disorder & Aq resolution

Gaussians and FTs self-scattering = avr(bz) —
do/dS and van Hove

0.8

Patterson function
Ve, Wavepackets
convolution theorem
PDF{(r) shows &
D-W and TDS

0.6

Vean in neutron IFM

t scales

Tn Wavepackets 0.4

total scattering vs Bragg If W
correlated structures
static approximation 0.2

correlated vibrations
Teon i TOF-INS
NSE ala QM

do/dQ (barns/str per atom)

=
/
)
/
/
/

&, Teon examples 0

n localization? 0 5 10 - 15 20 25
spreading wavepackets Q™)

QM undeterminecness The diffraction intensity ultimately converges to the self-scattering limit
summary letf = b2 when gmax is high enough.
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g-space versus r-space representations of data

Henry E. Fischer
The diffuse scattering “underneath” the Bragg peaks, subtracted away

eslB CIMESD as “background” by Rietveld refinement, contains information about
diffraction experiment

e dynamic disorder (e.g. Thermal Diffuse Scattering = TDS) and static
oo calt disorder (e.g. lattice-constant fluctuations Aa/a). The Bragg peak
'vsci'z;z widths are generally limited by the instrumental resolution Aq:

Gaussians and FTs

T
diffraction data
do/dS and van Hove 1 J

Aq resolution ———

Patterson function
Ve Wavepackets TDS & Aa/a ——
Gonvolution theorem
PDF(r) shows &,
D-W and TDS

o
o]

Vean in neutron IFM

B

t scales

T Wavepackets
total scattering vs Bragg

correlated structures

static approximation /\ /\
correlated vibrations U
Teon i TOF-INS

NSE ala QM

do/dQ (barns/str per atom)

o
<

o
[N

&, Teon examples

n localization?

spreading wavepackets

QM undetermined-ness
summary Q (A“)
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g-space versus r-space representations of data

Henry E. Fischer
Fourier transform gives the total Pair-Distribution Function PDF(r) for

Laslclopeens an average atom at the origin = peaks at all interatomic distances:
diffraction experiment T T T T T T

consiuctvs ntecronce 4 FT of diffraction data

derking'd0/y coherence volume FWHM = 5.55/Aq & grain size

r scales

Veon = Exy &z 3

Gaussians and FTs
d6/d9 and van Hove

Patterson function 2 —
Vean Wavepackets ™~
convolution theorem N
N\
PDF{(r) shows & 1 -

D-W and TDS

Vean in neutron IFM

0
t scales
AL
total scattering vs Bragg _ .
correlated structures 1 “//'
static approximation P -
correlated vibrations ) _—
Teoh In TOF-INS
NSE alaQM
£ oo examples. 0 10 20 30 .40 50 60 70
r(A)
n localization? The r-range is limited by the crystallographic domain size (i.e. the range
spreading wavepackets i
QM undetermined-ness of structural correlation) and by the coherence volume of the neutron
summary that depends on the g-space resolution Ag.
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g-space versus r-space representations of data

Henry E. Fischer
The low-r slope of a properly normalized PDF(r) gives po, the peak

eslB CIMESD areas are proportional to coordination number for atomic pairs, whose
diffraction experiment

e peak widths scale with their dynamic+static disorder plus the r-space

dorena 9o/ resolution function Ar(r) = sinc(gmaxr) = sin(gmaxr)/(Gmaxr) that also
| . . o »

B leads to non-physical FT ripples or “wiggles” at low-r:

Gaussians and FTs I I "FT of diffraction data ——

dc/dQ and van Hove 4 - 4

. D-W factor & static disorder & 3.791/Qy5 ———

Ve Wavepackets -4mpor density line with sinc(qmay) Wiggles ——

convluton theorem Sr shortest interatomic distance ——— ]

PDF(r) shows &

D-W and TDS

Vean in neutron IFM 2

t scales

T Wavepackets

T
<C
c
total scattering vs Bragg =
L
correlated structures o

o

correlated vibrations

static approximation
Teon i TOF-INS
NSE ala QM

|
/
- AU

spreading wavepackets -2

QM undetermined-ness

summary
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Henry E. Fischer
For an ergodic system like a monoatomic fluid at temperature T, and in
basic concepts . . . .
sitacton sxpermont the low-density limit, a classical mean-field theory relates g(r),
consreie nerrence obtainable from diffraction, to the interatomic pair potential:

deriving do/dQ

rscales u(r) = —ksT In[g(r)],

Veon = &8y &2

e s from which follows the interatomic force F(r) = —grad[u(r)], and
DR thereby viound, €tc. For realistic densities, an iterative procedure leads
comvouion theorem to an effective pair potential tes(r) (e.g. EPSR analysis).

PDF{(r) shows &
D-W and TDS

In effect, the t = 0 distribution of interatomic distances given by g(r)

Veon in neutron IFM

- for a liquid or glass “probes” the shape of u(r), since energetically

o wavepackets unfavorable distances will be more rare than favorable ones. By

total scattering vs Bragg . . . .
cormolted stucures contrast, diffraction measurements on a crystalline sample cannot give
e — such detailed information about u(r) without recourse to modelling.

Teon i TOF-INS

NSE ala U Note that the above expression also implies that g(r), the structure

&, Teon examples

measured via diffraction, is independent of atomic mass in a classical
reaing wavepackts picture. Any observed differences in structure, e.g. between the

S (do/d2)(q) of H2O vs DO as measured by x-ray diffraction, are
SIET) necessarily due to QM effects.

time permitting

n localization?
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The myth of “scattering power”

Myth of “scattering power”: In all generality, diffraction measures
I=do/dQ=|Xb,exp(iQer)|*, afunction of Q only. Changing

Henry E. Fischer

basic concepts
diffraction experiment
constructive interference
deriving do/dQ

r scales

S the wavelength A simply redistributes this intensity over Q, so that
0/48and van Hove for a constant intrinsic peak width of dQ, the intensity falling on a
DR 1-D sensitive detector is integrated over df = (dQ/4m) * A/cos(6),
comoluon theoren giving an integrated intensity increase ~ A/cos(0) that appears as a
PR shows s peak-height increase for resolution-limited Bragg peaks. In fact,
G IO the (scattering_power)e(Lorentz_factor) is nothing more than this:

tscales A%/ [sin(0)sin(20)/2] = A3 / [sin?(0)cos(0)] = (4/Q)? ® A/cos(0)
e leading to the same A and 6 dependence as derived above.

total scattering vs Bragg
correlated structures

static approximation

corcatod viratons Is this fact well-understood in the powder diffraction community?
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n localization?
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QM undetermined-ness

summary
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